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Abstract. We extend the definition of analytic and Reidemeister torsion from 
closed compact Riemannian manifolds to compact Riemannian manifolds with bound- 
ary {M,dM), given a fiat bundle JF of ^-Hilbert modules of finite type and a de- 
composition of the boundary dM = d-M U d^M into disjoint components. If the 
system (M, d- M, d-\-M, J^) is of determinant class we compute the quotient of the 
analytic and the Reidemeister torsion and prove gluing formulas for both of them. 
In particular we answer positively Conjecture 7.6 in [LL] 
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0. Introduction. 

The purpose of this paper is to extend the analysis of L2-analytic and L2- 
Reidemeister torsion to compact Riemannian manifolds with boundary and, among 
other results, to provide a formula for the quotient of the L2-analytic torsion and 
the L2-Reidemeister torsion. We also establish glueing formulas for both torsions. 
In particular we prove Conjecture 7.6 in [LL]. 

In order to formulate our results more precisely, we introduce the following 
notations. Let M be a compact smooth manifold, not necessarily connected, of 
dimension d, and with boundary dM. Let ^ be a Riemannian metric on M. 
Throughout the paper, we will always assume that g has a product structure near 
the boundary (product-like), i.e. that there exist e > and a diffeomorphism 
Qqm ■■ dM X [0, e) ^ M so that 

(-P1) QdM \ dMx{Q} = id 



{P2) &*aM{9)^9dM + dt^ 

where ggM denotes the restriction of g to dM and dt'^ denotes the Euclidean metric 
on the half open interval [0, e). Suppose dM is a union of two disjoint components, 
not necessarily connected and possibly empty. Let us specify an ordering for them, 
d-M and d^M. Then (M, d-M, d+M) will be referred to as a bordism. A closed 
manifold M can be regarded as a bordism with d-M = d+M = 0. If it is not 
ambiguous, we will write M instead of (M, d-M, d+M) and denote by —M the 
bordism obtained from M by interchanging d-M and d^M. Next, we introduce 
the notion of generalized triangulation for a bordism {M,d-M,d+M). 

Definition. A pair r = {h, g') consisting of a C°°-function h : M ^ with range 
[a, b] C R, where a and b are elements in Z, and a Riemannian metric g' is said to 
be a generalized triangulation for M if the following properties hold: 

(Tl) h{QdM{x,t)) = b -t {xed+M,0<t<e) 

h{QdMix,t)) = a +t {x ed-M,0<t <e) 

where Qom ■ dM x [0, e) ^ M denotes the exponential map at dM, associated to 
g' (cf. above). 

(T2) h{Cr{h)) C Z, 

where Cr{h) denotes the set of critical points of h. (Notice that we do not require 
that h is self- indexing. This will be convenient for the glueing construction.) 

(T3) All critical points of h are nondegenerate and, given any critical point y of 
index k, y E Crk{h), there exists a diffeomorphism 0^ : D^^ — > M, with D^^ being 
the disc in M.^ of radius Sy > 0, centered at 0, so that (f)y{0) = y, (f>f{g') is the 
Euclidean metric on and 

h{(f)y{xi,...,Xd)) = h{y)--^x] + - xj. 
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If for each critical point of h, such a coordinate system exists, the metric g' is called 
compatible with h. 

(T4) The gradient of h with respect to g\ gradg'h, satisfies the Morse-Smale 
condition (cf. [BFKM]). 

A smooth simplicial triangulation t of M with the property that d±M become 

subcomplexes induces generalized triangulations on the bordisms (M, (?_M, d+M), 
(M, d+M, d-M), (M, 0, dM), (M, dM, 0) and on the closed manifolds d±M. 
Assume that the following data is given: 

(M, d-M, 9_|_M) a bordism; r = {h, g') a generalized triangulation; 

J-' — {S,'V) a parallel flat bundle where £ M is a bundle of ^-Hilbert modules 
of finite type and V is a flat connection making the inner products (•, ■) of Sy = 
P~^{y) parallel with respect to V.^ 

If T = (/i, g') is a generalized triangulation of (M, 9_M, d+M) then td = {—h, g') 
is a generalized triangulation of (M, d-M). It will be refered to as the dual 

triangulation. 

In section 2 we deflne, similar as in [BFKM], analytic Laplacians Ag, acting 
on Qf-forms with coefficients in £ with relative (or Dirichlet) boundary conditions 
on d-M and absolute (or Neumann) boundary conditions on associated to 

(M, 9_M, 9_|_M), g and £. Further, we deflne combinatorial Laplacians A^°'^'', 
associated to (M, d-M), r and We say that the triple {(M, d-M, d+M),g, T} 
is of a- determinant class if all the analytic Laplacians Ag are of determinant 
class, i.e. logdet^Ag e M. For {(M, 9_M, 9_|_M), .7^} of a-determinant class the 
analytic torsion Tan = Tan{M, d-M,g,T) > is deflned by 

1 

logT,, := - J](-l)^+iglogde4Ag. 

q=0 

Similarly, we say that the triple {(M, 9_M, 9-|-M), r, JF} is of c-determinant class 
if all the combinatorial Laplacians A^°"^^ are of determinant class, 
i.e. logdet'^/^l""^^ e R. For {{M,d-M,d+M),T,J^} of c-determinant class the 
combinatorial torsion Tf-omb — 

Tcomb{M, d-M, T,J^)>0 is deflned by 
1 

logT^omb $^(-l)^+'glogc/e4A^°-^ 
The Reidemeister torsion T^g = Tjig{M, d-M, g, r, J-') is then deflned by 

logTne = logTcomb + logTmet 

where Tmet is the metric part of the torsion, deflned as in [BFKM] (cf. section 2). 
Tmet is equal to 1 if (M, d-M) is J^- acyclic. It turns out that Tue does not depend 
on the triangulation r. The proof of this fact is not difficult and is the same as in the 

^Given a choice of base points (xj) in each of the connected components Mj of M(l < j < kM) 
T determines and is determined uniquely by the {A, Fj*')— Hilbert modules VVj := £xj where the 
action of Fj := TTi(Mj ,Xj) on Wj is given by the parallel transport and where Fj^ denotes the 
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case of finite dimensional unitary representations. This result is also contained in 
Theorem 3.1. Nevertheless, we will continue to write Tu^iM, d-M, g, r, J^) in order 
to emphasize that the Reidemeister torsion is calculated with the triangulation r. 

One can show that the notions of a-determinant class and c-determinant class 
arc equivalent (cf. [BFKM]) which allows us to introduce the notion of a pair 
{(M, d-M, d^M), JF} being of determinant class. Given a bordism (M, d-M, d+M) 
we say that the system (M, d-M, d+M, is of determinant class if the three pairs 
{(M, d-M, d+M), T}, {(M, 0, dM), T} and {dM, T \dM} are of determinant class. 
As we will see in Proposition 2.5 (4) this is equivalent with {(M, 0, 9M), JF} and 
{dM,T \dM\ being of determinant class. If JF is a parallel flat bundle over a 
compact manifold M induced from a F— principal covering where F is a residually 
finite group, one can derive from the work of Liick (cf.[Lii3]), that for any bordism 
(M, d-M, d^M) the system (M , d-M, d+M, T) is of determinant class (cf. Theo- 
rem A in Appendix). In particular, one concludes that if M is connected and has 
residually finite fundamental group F := 7ri(M), the system {M,d^M,dj^M, is 
of determinant class if JF is the Hilbert bundle induced by the {N{V), F°p)— Hilbert 
module ^2(r) (cf Appendix). 

Given a pair {(M, d-M, d+M), T} of determinant class, denote by 
TZ = TZ{M, d-M,g,T,T) the quotient of analytic and Reidemeister torsion, 

log7^ = log T„^(M, d-M, g, T) - XogT^^iM, d-M, g, r, T). 

Extending our earlier results [BFK], [BFKM] and using similar techniques, we prove 
that log??, depends only on the data on the boundary: 

Theorem 2.10. Assume that for j = 1, 2, {Mj, d-Mj, d+Mj) is a bordism equipped 

with a Riemannian metric gj, a generalized triangulation Tj and that J-'j = {Sj, Vj) 
is a parallel flat bundle of A- Hilbert modules of finite type on Mj. Assume also that 
the systems {Mj, d-Mj, d+Mj, J^j) are of determinant class and 

{d±Mi,gi ta±Mi,^i ta±Mi) = id±M2,g2 \d±M2i^2 \d±M2)- 

Then 

7^(Ml, d-Mi, gi, n, J^i) = 7^(M2, d-M2,g2, T2, T2). 

This theorem allows us to extend the comparison theorem (cf. [BFKM] and 
[BFK]) of analytic and Reidemeister torsions from closed manifolds to bordisms. 

Theorem 3.1. Assume that the system (M, d-M, d+M, T) is of determinant class. 
Then log 7^ is given by 

log 7^(M, d-M, g, T, T) = \x{dM; T) log 2 

where xidM; !F) is the Euler characteristic of dM with coefficients in T and is 
equal to x{dM-,T) = J2kX{dkM) ■ dim^S Io^m where dkM are the connected 
components of the boundary dM , x{9kM) is the standard Euler characteristic of 
dkM and diniN^ \d^M is the von Neumann dimension of the fiber of S above dkM. 

Remark. In the case ^ is M or C, Theorem 3.1 is due to W. Liick [Liil] and, 

;„j ] — j-u, \r:„i^n. nr:l I „i — r/^i,n 
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The above result shows that TZ does not depend on the partition dM_ , dM+ of 
the boundary dM. However we continue to use the notation TZ{M, d-M, g, r, J^) as 
the independence of d-M will be proven only towards the end of the paper. 

Next we present a gluing formula for the analytic torsion. For j = 1,2, let 
Mj = {Mj,d-Mj,d+Mj), Qj.Tj = (hjjg'j) and J-'j = {Sj,S7j) be as above and 
suppose that there exist an isometry 

oj : {d+Mi,gi Iq+m^) ^ (5_M2,^2 \d-M2) 

and a connection preserving bundle isometry $ above uj which makes the following 
diagram commutative 

^1 Ts+Mi £2 \d-M2 

i i 

d+Mi a_M2. 

Then one can form the bordism (M = Mi U^^ M2, 9_Mi, 9_|_M2) by glueing d^Mi 
to d-M2 by (jj and the parallel flat bundle by glueing Ti and JF2 by (w, $). The 
metrics gi,g[ and ^2)^2 determine Riemannian metrics g and g' on M, and the 
functions hi and h2 determine the C°°-function /j, : M — > R given by 

\bi-a2 + h2{x) {xeM2) 
where, for j = 1,2, hj{Mj) = [aj,bj]. 

Definition. Generalized triangulations ti and T2 as above are said to be compat- 
ible if T = (/i, g') is a generalized triangulation of (M, d-Mi, 9+M2). 

Notice that by an arbitrary small perturbation, localized in a given neighborhood 
of one can modify the metric g'l to g'l so that the triangulation ti := {hi, g'l) 

is compatible with T2. 

Finally the manifolds M, Mi , M2 and the metric g induce a cohomology sequence 
'^an{g)i which is a long weakly exact sequence of ^— Hilbert modules, and hence a 
cochain complex. Different metrics induce isomorphic, but not necessarily isometric 
complexes. If Hanig) is of determinant class we denote by T(Han{g)) its torsion. 
Similarly, the manifolds M, Mi , M2 and the generalized triangulation r induce a 
cohomology sequence Ti.comhi.T~) ^ which is a long weakly exact sequence of ^— Hilbert 
modules and thus, again, a cochain complex. Integration theory (cf section 2) 
provides an isomorphism (which typically is not an isometry) between the two 
sequences Han{g) and Ti-combij)- Both sequences are of the following form: 



0^ H^{M2,d-M2,J^2) H^iM, d-M,J^) if°(Mi, a_Mi, J^i) ^ 

^ ifi(M2,a_M2,^2) ^ ^ H^{M2,d-M2,T2) ^ H^{M, d-M,T) 

H\Mi,d-Mi,J^i) ^ H''+\M2,d-M2,J'2) ^ ••• 
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Theorem 3.2. Assume that for i =1,2 the system {Mi,d-Mi,d+Mi,J^i) is of 
determinant class. Then the following statements hold: 

(i) The system {M,d-M,d+M,J^) and the complexes Ti.combi'Han ore of determi- 
nant class; 

2 

(ii) logTfle(M,a_M,5r,T,JP-) = J2^ogTRe{Mj,d-Mj,gj,Tj,J^j) 

+ logT{nan)- 

2 

(m) \ogTan{M,d.M,g,T) = log T«^(M,-, a_M,-,^,-,J^,) + log T (Han) 

2 ^ 

Remark. In the case where ^ = R this result is due to Vishik [Vi3] . Vishik's proof 
is, however, very different from ours. 

A sightly more general form of this result is contained in Theorem 3.2' where 
only some components of ds^Mi and d-M2 are glued together. The last result 
is Theorem 3.3 which compares the analytic torsions of bordisms with the same 
underlying compact manifold M. 

The paper is organized as follows: 
In section 1 we prove a number of auxiliary results about cochain complexes of de- 
terminant class and a generalization of Milnor's result concerning the torsions of a 
short exact sequence of finite dimensional complexes to infinite dimension (Proposi- 
tion 1.13, Theorem 1.14). This section is quite elementary but it is included for the 
sake of completeness. In section 2 we prove Theorem 2.9 on which all subsequent 
results depend on. Theorems 3.1, 3.2, 3.2', 3.3 are proven in section 3. In the appen- 
dix, we prove that for any bordism (M, d-M, with M a compact connected 
manifold, M ^ M a principal covering with residually finite group and JF the par- 
allel fiat bundle on M, induced by this covering, the system (M, d-M, d^M,J^) is 
of determinant class. This result is implicit in Liick [Lii3]. Unfortunately, in [Lii3] 
there are a number of misleading misprints and the definition of the L^-determinant 
is incorrect. For the convenience of the reader we present an outline of the proof of 
this result. 

By the same arguments as given in [BFKM, Proposition 5.11] it suffices to prove 
the above Theorems in the case where the fiber W of the bundle f — > M is a free 
^-module. For the rest of the paper the bundle £ has as a fiber a free ^-module. 
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Section 1 Linear homological algebra in the von Neumann sense. 

In this section we follow, if not stated otherwise, the notations and use the 
definitions of Section 1 in [BFKM] . In particular, contrary to the standard notations 
for cochain complexes, the indice for the degree is denoted as a subscript and not 
superscript. 

Throughout this section, let ^ be a von Neumann algebra of finite type. By 
W, Wi, W2, W, ... we denote arbitrary ^-Hilbert modules of finite type. 

Recall that / : Wi — > W2 is said to be a weak isomorphism if / is 1-1 and its 
range, Im{f), is dense in W2. It admits a polar decomposition / = fisofwiso where 
fiso := is an isomctry and U,so : Wi ^ Wi is 

a weak isomorphism which is selfadjoint and positive. Therefore f^^g^ + e(e > 0) is 
an isomorphism and one can define Vol(/) by 

(1-1) log Vol(/) := hm 1 log det(/2 + e) 

e—>-0 Z 

where the determinant is the one given by Fuglede-Kadison [FK] and where log 
denotes the branch of the logarithm with log 1 = 0. Notice that | logdet(/^jg^) := 
log Vol(/) is in M U {-00} and 

(1.2) log Vol(/) = lim I logdet(/*/ + e). 

The weak isomorphism / is said to be of determinant class iff 



(1.3) -oo<logVol(/). 
Using the spectral distribution function of /, 

Ff{X) := sup{dimiv£;£subspaceof Wi, ||/(x))|| < VX\\x\\{x e £)}, 
one can show that 

poo 

(1.2') logVol(/) = / log{X)dFf{X) 

and that (1.3) is equivalent to 

(1.3') -00 < / log{X)dFf{X). 

In case (1.3') holds, one verifies that 

Jo Jo+ 

using that the boundary term obtained, when integrating by parts, vanishes. It will 
be convenient to extend the concept of determinant class to an arbitrary morphism 
/ e jC aO^i, W2). For this purpose we factor f as f = j ■ /' -p with p : Wi W( = 
Wi/NuUf, the canonical projection and j : W'2 '■= Range f — * W2 the inclusion. 
Then /' : W( W2 is a weak isomorphism. The morphism / is said to be of 
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Proposition 1.1. 

(A) Assume that f e jC^(Wi,VV2) and g e >C^(>V2,W3) are both weak isomor- 
phisms. Then g ■ f is a weak isomorphism. Moreover 



(1.4) log Vol{g ■ f) = log Vol{g) + log Vol{f). 

In particular g • f is of determinant class iff both g and f are of determinant class. 

(B) Assume that f e >C^(Wi, W{) and g e >C^(>V2, W2) are both weak isomor- 
phisms and h e CAim, Then /' = : Wi W2 ^ W( © is a 

weak isomorphism and 

(1.5) log Volif) = log Volif) + log Volig). 

(C) If fi :W-^Vi,i = l,2 are two morphism,s and both are of determinant class 
then /i © /2 : W — >■ Vi © V2 is of determinant class. 

Remark. : (a) In the case where Wi = VV2, statement (A) is verified in [FK]. 

(b) In the case /, g are isomorphisms and not only weak isomorphisms, statement 
(B) is proved in [BFKM, Proposition 1.9]. 

Proof. (A) Consider the polar decomposition / = fisofwiso g = gisodwiso- 

Then 

gf can be written as gf = gf where 



(1.6) g := gisofiso : Wi ^ W3; / := f-lgn,isof : Wi ^ Wi. 

Note that g is an isometry. Therefore g* g — Id\^^ and {gf)*[gf) — f*f- From 
definition (1.1) it then follows that 



(1.7) logVol(^/) = logVol(/). 

The map / can be decomposed, / = {f~lgwisofiso)fwiso and we conclude from 
(1.4), which is applied in the case Wi = W2, that 



(1.8) log Vol(/) = \ogYo\{f-lg^isofiso) + log Vol(/^i,«). 

Taking into account (1.2) one concludes that 

(1-9) \ogYo\{f ~lg^isofiso) = logVol(^^iso)- 

From definition (1.1) we know that log Vol(/) = log Vol(/u,jso) and similarly for g. 
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logVol((7/) = logVol(^) +logVol(/). 

(B) To verify (B) decompose /' as follows 

mm f'-(idy,> Q\(ldy,> h \ (f \ 

and apply (A) together with Proposition 1.9 in [BFKM]. 

(C) Denote by Fi(A) := F/,(A),F2(A) := Ff^{X) and F(A) := ^^©/^(A). It is 
straightforward to verify that F(A) - F(0) < sup{Fi(A) - Fi(0),F2(A) - ^2(0)}. 
Integration by parts in (1.3') implies the result. □ 

Consider a finite ^-cochain complex (C, d) of ^-Hilbert modules of finite type 



(1.11) O^Co^Ci^ .0. 

Define the Hodge decomposition = Hi® Cf ® C~ , where 



(1.12) C+ := di-i(C,_i) ; Cr := d*{Ci+i) ; Hi := Null{di) D Null{d*_^). 



Recall that Hi is isomorphic to Nulldi/ Range{di-i) — H^{C). With respect to this 
decomposition 

/O \ 

(1.13) di=[0 d, \;d,:Cr ^C++,. 

\0 / 

Note that d^ is a weak isomorphism. 

Definition. The ^-cochain complex C is said to be of determinant class if, for any 
i, di (or, equivalently, is of determinant class. 

If C is of determinant class, its torsion T{C) is a positive real number given by 

(1.14) logT(C) = J2{-iy\ogVo\{d^). 

3 

For k — 1,2, let be ^^-cochain complexes. Denote by x{^^) the Euler-Poincare 
characteristic of C''. Introduce the ^i®.A2-cochain complex C given by Cj = 
®kiCl<SiCj_f,). Here the tensor product is taken in the category of Hilbert spaces. 

T„ riDTTiT^A/r 11 1 ool 1 ] f„ii ; , 
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Proposition 1.2. Suppose and are both of determinant class. Then C is of 
determinant class and 



(1.15) logT(C) - x(C')logT(Ci) +x(Ci)logT(C2). 

Suppose / : ^ is a morphism of chain complexes. By straightforward 
inspection (cf. [BFKM, section 1]) one sees that, with respect to the Hodge de- 
compositions of Cj nj © Cj'^ © Cl~ and Cf = Tif © © Cf~, the morphisms 
fi : C} Cf are of the form 



fi,ll fi^is 

(1-16) fi = /i,21 /i,22 /i,23 



/, 



1,33 



Moreover 



(1-17) d^fi,33 = fi+l,22dl 

Further it is straightforward to conclude from Proposition 1.1 that for any i > 
the following statements hold: 



(1.18) fi is a [weak] isomorphism iff /i,22 and 

/i,33 are all [weak] isomorphisms. 



(1.19) log Volfi = log Vol/i,n + log Vol/i,22 + log Vol/i,33. 



(1.20) Assume that fi is a weak isomorphism. Then fi is of determinant class 

iff /i,22) /i,33 are all of determinant class. 

In the sequel, we will occasionally write H{fi) for /^n : H} — ^ Hf. 

Proposition 1.3. Let f : C^ ^ C^ be a morphism of cochain complexes. 

(A) If, for any i, fi is a weak isomorphism and of determinant class, then the 
following statements hold: 
(i) For any i, H{fi) is of determinant class; 
(a) C^ is of determinant class iff C^ is; 

(Hi) if C^ is of determinant class (and thus, by (ii), C^ is of determinant class as 
well), then 

(1.21) logT(C2) = logT(Ci) - J](-l)Mog Volifi) 

i 

+ J](-i)MogVo/(iy(/o). 
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(B) If f is a homotopy equivalence (of. [BFKM], definition I.I4 ) then is of 
determinant class iff is. 

Proof. (A) (i) is obtained from (1.20) and (ii) follows from (1.20), (1.17) and Propo- 
sition 1.1. To check (iii), apply Proposition 1.1 to rf^ /i,33 = fi+i,22dl to conclude 
that 

(1.22) (-l)MogVold2 

= (-l)MogVoWl + (-1)^+1 log Vol/,,33 + (-l)MogVol/i+i,22 

which, after summing up and using (1.14), leads to 

(1.23) logT(C2)-logT(Ci) 

= -5^(-l)MogVol(/,,22) - J](-l)MogVol(/,,33) 

i i 

= - 5;](-l)MogVol(/,) + 5](-l)MogVolif(/,), 

i 

where for the last equality, we used (1.19). 

(B) This result is due to Gromov-Shubin [GS] ( cf. also Proposition 1.18 in 
[BFKM]). 

□ 

Let C be a cochain complex of the form 

(1.24) ^ Co ^ Ci ^ C2 ^ 0. 
Such a complex is called a three stage complex. 

Definition. A tliicc stage complex C is said to be a weakly exact sequence if do 
is injective. Range {do) = Null{di) and Range {di) = C^. 

Note that in this situation ■ ^0 Range [do) and d-^ : Range{do)-^ Ci 

are weak isomorphisms where Range (do) denotes the orthogonal complement of 
Range{do) in Ci. 

In the case where C is of determinant class, its torsion is given by 

(1.25) logT(C) = log Vol(do) - log Vol(di). 

Lemma 1.4. Suppose that the three stage cochain complex C is a weakly exact 
sequence of the form 



1 1 o^;^ 



12 ANALYTIC AND REIDEMIESTER TORSION ... PART II 

where do = (^J anddi = (gig). Further assume that di is onto. Then the following 
statements hold: 

(A) If f : Co — > Ci' and g : ^ C2 are weak isomorphisms of determinant 
class, then the complex is of determinant class and 



(1.27) logT(C) = log Vol{f) - log Volig). 

(B) Assume that (1.26) is of determinant class. If f : Cq ^ [resp. g : ^ 
C2] is of determinant class, so is g : ^ C2 [resp. / : Co — >■ C^] and formula 
(1.21) holds. 

Proof. First note that, due to the assumption that di is onto, d^ : (^Range{do)^'^ 
C2 is an isomorphism and therefore of determinant class. Moreover, logVol(dQ) G 
MU{-oo}. Therefore, we can define log T(C) = log Vol(do)-log Vol(di) G MU{-oo}. 
Denote the inverse (^1)"^ : C2 Range{do)^ C ® by (^i)"^ = {^^) and 
conclude that 



(1.28) Idc, = {gi g) i^^] = 9ihi + gh. 



Consider the complex C given by 

which is of determinant class and satisfies 

(1.29) logT(C')=0. 

Further introduce the morphism / : C — > C given by the following diagram 



^ Co ^ Co©C2 ^ C2 ^0 

^ Co ct®c^ ^'^'^ C2 ^ 0. 

Using the same arguments as in the proof of Proposition 1.3 one shows that, in 
view of (1.29), 



(1.30) logT(C) = - log Vol (^J^ 1' ) + °- 

In particular, one concludes that C is of determinant class iff ^ ^ is of 
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To compute log Vol ^j. ^j^^ ^ note that the weak exactness of C implies that 
9if + 9h = 0- Therefore 



gjyh hj \gfi gh J \-gif gh 
Id(,+ hi\ff 



and, by Proposition 1.1, one obtains (in RU {— oo}) 

log Vol ( i ) + log Wo\{g) = log Vol(/) + log Vol ( ^^^t ^] ) . 

v/i \-gi ghj 

According to (1.28), gh = Idc^ — gihi and therefore 

/ Idc+ hi \ ^ f Idc+ \ f Idc+ hi \ 
^' ' \-gi gh) \-gi IdcJ \ idcj- 

Formula (1.32) implies that ( "^"^"^^ ^] ) is a weak isomorphism of determinant 

V -fi ghJ 

class and 

(1.33) logVolP'^Ci^ ^1^=0 + 0. 

V -fi ghJ 

Combining (1.30) - (1.33) statements (A) and (B) follow. □ 

Lemma 1.5. Let C^,C^,C^ be three stage complexes which are short exact se- 
quences, (and thus, in particular, of determinant class) 

Ci : ^ i d ic^^O 



C3 : ^ Co' 5 Cf 5 C| ^ 
Further assume that the following diagram is commutative, 

— > Cq — > Cl — > C2 

(1.34)0 ^ c^®ci ci®ci ci®ci 

i(0 IcZ) i(0/d) i(0/cZ) 
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Then 

(1.35) logT(C2) = logT(Ci) + logT(C3). 

Proof. We first note that in the Hodge decomposition of Cl — C^'"*" © and 
Cf — C^'"*" ©C^'~ the Hilbert module Cl''^ is isometric to and C^'" is isometric to 
Ci, {j e {1, 3}). Therefore one can write ^ = di = (O^j), with : + 
and d{ : C{'- 

Taking the above mentioned isometries into account it follows that is isometric 
to the decomposition 



and the commutativity of the diagram (1.34) implies that must be of the form 



(1.36) 



dl 






Vo 0/ 




/O 



/l2 

\0 0/ 



where /ii : Cq 



Cq and 



Cq C2 and dl must be of the form 



(1.37) di = 



_ f dl 







+ 

























/l3 /l4 





where hs : Cq ^ Cl and /j.4 : Cf ^ C^- 

The assumption that is an exact sequence implies that 



(1.38) 



h^^ + S^h2 = 0. 



In order to compute the torsion T{C'^) we want to apply Proposition 1.3. First 
note that ^O' ^i' ^1 isomorphism as C^, C^, C^ are exact sequences. In view 

of (1.38), 



(1.39) 





0\ 













^0 


0^ 



/del (rf^)-^/ii\_ 



Id, 



^0 



//d 



(rf})-^/i3 

V Id/ 



\ /4 



/i2 

Vo oy 



] 
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(1.40) 



Id 





-h4dl] 

Id 



dl 




hs 




d\ 

dl 



dl 



(I del 













Id^s 













Idci 





V 








Ides J 



Consider the following isomorphic three stage complexes: C^,C^^,C^^ and the iso- 
morphisms f : C'^ ^ C^^, /" : C^^ — > C^^ given by the following commutative 
diagram (use equality (1-38)) 







•-0 



V Id J ^ 



-.21 



-.22 



Idi 



''1 " 

4 

h2 
0- 



d: 







:0 

h2 
' 



d^ ^ 




.00/ 



i Id 



h3 




df 



?13 
df 





Id 



7d 



(dj)"^/i3 /d 
Id 



d^ 
d? 



I ( Id -?i4(d?)"M 
V Id J 



lid 



0. 



Now apply Proposition 1.3 and use that all three complexes ,C^^ ,C^^ are exact 
sequences to conclude that 



(1.41) 

Moreover, 



logT(C") = logT(C'i) = logT(C"^) 



722 > 



(1.42) logTiC^^) = logT(Ci) +logT(C3). 

Combining (1.41) and (1.42) leads to (1.35). 

The proof of Lemma 1.5 actually leads to a slightly stronger result: 



□ 



Lemma 1.5'. Assume that the three stage complexes C^,C^,C^ are weakly exact 
sequences of determinant class and, in addition, assume that the morphisms dQ,d[ 
and ^ (ord^,^ and ^) are isomorphisms. Then 



1 — ,rrr/-'2\ 1 — ,rrrr'l\ , i — ,rrr/^3\ 
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Remark. To conclude the result of Lemma 1.5' in the case where (Iq, cind are 
isomorphisms one replaces the entry {d\)~^hs in the 4x4 matrix which appears in 
the diagram above by — /^2(^o)~^• 
The following considerations are a preparation for the proof of Theorem 1.14. 
Assume that 

^ ^ ^ 

is an exact sequence of ^-cochain complexes. Consider the Hodge decomposition 
of each of the three complexes, k = 1,2,3, 

With respect to these decompositions, /j : Cl — > Cf and gi : Cf ^ Cf take the form 



/ fi,ll /i,l3\ / 9i,ll Qi^is 

(1.43) fi — /i,21 /i,22 fi.23 \ ' 9i = \ 9i,21 9i,22 9i,23 

\ /,,33y V ^,,33 

Moreover 



(1-44) ^i/i,33 = fi+l,22dl; d^9i,33 = 9i+l,22^i- 

The exactness of the sequences — > — > — > — > imply that the following 
sequences 



(1.45) ^ "^^^ '+ 



(1.46) ^ C]'- Cj'- ^i^' cl'- ^ 

are three stage complexes with the property that /j^22 is 1-1 and ^j^aa is onto. Using 

(1.44) one verifies that fi^22 has closed image, the range of 91^22 is dense in Cf'^ 
and /i^33 is 1-1. Therefore, the cochain complexes (1-45) and (1.46) have a Hodge 
decomposition 



(1.47) ^ cl'+ e ++ e cf +" cf '+ 

and 



(1.48) ^ cf - cf -° e cf -+ e cf — cf - ^ o. 



D. BURGHELEA, L. FRIEDLANDER, T. KAPPELER 



17 



(1.50) 



fi,22 — 



;5'i,22 = (0 /3i,35) 



(1.51) 



i,33 



ai,74 I ; gi,33 = ( Pi^4s ) 



Notice that ai^43 and Pi^48 ^ire isomorphisms and /J^^ss and aij^ are weak isomor- 
phisms. 

The exact sequence of ^-cochain complexes of finite type 

^ ^ ^ ^ 
induces a long weakly exact sequence H in cohomology (cf. [CG, p. 10, Thm 2.1]) 

(1.52) > W{C^) ""^^ W{C^) ""^'^ W{C^) H'+\C^) ^ . . . 

or, equivalently, in terms of the harmonic spaces Ti^ := Null{d^) n Null{d^*i) 



rii ^ ^ tii ^ /tj+1 



(1.52') • • • —r ILi I Li 'H~''H+1 

In particular the cochain complex H is acyclic. Consider its Hodge decomposition 



(1.53) 



3,+ 



(0 7x) 



Notice that Q;j^i2, /5i,i2 and 7^ are weak isomorphisms. 
In view of (1.43) - (1.53) fi and Qi can be written as 



(1.54) fi — I /i^21 /i,22 /i,23 
/,,33 





ai,i2 \ 


(0 




/ Q!j,31 


"1,32 




ai,42 


\ai,5i 


«i,52 






(« 


") 




0/ 







ai,43 








ai,24 
ai,34 

Cti,44 
<^i,54 





J 



] 
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(1.55) gi - 







9i,13 


9i,22 


9i,23 





9i,33 






; 






) 


0) 















A, 35 

0) 



A, 16 A, 17 A, 18 \ 

A, 26 A, 27 A, 28 

( A, 36 A, 37 A, 38 

(0 A,48)/ 



1,+ 



Recall that /j : Ti.^ 

2,- + 



2,+ 



-0 

-+ , 



and Qi 

/3,- , 



--3,+ , 



2,+ 



2,+0 



2,+0 



2,++ 



c 



2,++ 



2, + - 



We have already noticed that Q;i,i2, cti,74, A, 12, A, 35 cire weak isomorphisms, while 
Q!j^43 and A, 48 cire isomorphisms. Using that gi • fi = and the fact that ctj j4 and 
A 35 are weak isomorphisms one verifies that 



(1.56) ai,5i = 0; A,27 = 

(1.56') A,12«i,24 + A,17«i,74 = 0; A,31«i,12 + A,35ai,52 = 

A,3iai,14 + A,32ai,24 + A,35ai,54 + A,37ai,74 = 0. 

Lemma 1.6. For any i, 

(A) ai,3i : Ti-l"^ ^-5 o-n isomorphism; 

(B) A, 26 • is C'lT' isomorphism. 

Proof. (A) Inspecting (1.54) and in view of 0:^^51 = (cf. 1.56) one concludes that 
K '■= fi t7^i.+0ci>+ has a range which is contained in C^''^'^ © C^''^'^ and admits a 
representation of the form 

hi := f "^'^^ ° ] : nl'+ © Cl'+ ^ © 

V«i,41 ai,43 / ^ ^ I ^ 

From (1.55) one sees that Cf'~^^ © Cf'~^~^ C Null gi. Due to the exactness — > 

C?^ A — > 0, the map hi is an isomorphism. Further we already know that 
ai^4S is an isomorphism and therefore conclude that ctj^ai : Ti-l''^ — > C^'^° is an 
isomorphism as well. 

(B) From (1.54) one sees that Cf~^®Cf~~ C {Range f^)^. Therefore, using that 
^ C?^ ^ C| Cf ^ is exact, h[ := gi \^2,-o^^2,-- is 1-1 and its image is 

given by TiJ'" © Cf'", i.e. h', := (^^'^"^ ^^'^^ ^ : C^''" © C?'— ^ TiJ'" © Cf'" is 
bijective. We already know that A, 48 is an isomorphism and (B) follows. □ 
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/O 














(1.57) 









1 














2 

i,36 





"i,38 


2 






i,46 




"1,48 











\0 







where we used again (1-44) to verify that (if^se: c^f,57 and df ^r ah vanish and that, 
for any i, 



(1.58) 
and 



3 2 

diPi,48 = A+i,35C^i,58 is a weak isomorphism 



(1.59) 



'^i,47<^j,74 = CKi+i,43^i is a weak isomorphism. 



Further, considering Cf' Hf ^l+i 



fz+i^i ^2^-f taking into account the 



definition of Sj 



l^ 





one obtains 



(1-60) = Q!i+l,3l7iA,26- 

In a straightforward way one verifies the foUowing 

Lemma 1.7. Assume that F : Wi ® W2 — > Vi ® V2 is on A-linear map of the form 

f h 
g 

(A) If F is 1-1 and has closed range and f is an isomorphism, then g is 1-1 and 
has closed range. 

(B) If F is onto and g is an isomorphism, then f is onto. 

Lemma 1.8. For any i, Q;jj2 ond aij4 are of determinant class iff Pi, 12 and Pi^s^ 
are of determinant class. 



Proof Introduce ifii : nl' ®Cl' ^ Uf'^ ®Cf' + ®nf' ©Cj'+ and : K 



2,+ 



Hi © given as follows 



(1.61) i^i = { o o' o' O 

Pi, 31 Pi, 37 Pi, 32 Pi, 35 



/tti,i2 ai,i4\ 

aij4 

Q!i,24 

Vai,52 ai,54/ 



Due to (1.56) - (1.56') we have i/ji ■ Lpi = 0. Moreover ai,i2,Oiij4, Pi,i2 and /3j^35 are 
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(1.62)0 ^ nl'~ © Cl'' ^ ® C-'~+ © Hi'' © ^ © ^ 

is a weak exact sequence. 

/a- SI \ 

Using that is an isomorphism and applying Lemma 1.7 (A) twice 

\«i,41 «i,43 / 

to fi one concludes that ipi has closed image. Similarly, using that f ''^'^'■^^ 

is an isomorphism and applying Lemma 1.7 (B) one concludes that V'i is onto. 
Therefore, the sequence (1-62) is, in fact, an exact sequence and thus of determinant 
class. The statement then follows from Lemma 1.4(B) and Proposition 1.1(B). 

□ 

Lemma 1.9. For any i, rff sg, c^|,47) ^'"^ weak isomorphisms and satisfy: 

(A) cif gg is of determinant class iff 'ji is of determinant class. 

(B) (if 47 and aij4^ are of determinant class iffd\ is of determinant class. 

(C) df gg and /?i+i,35 are of determinant class iffdf is of determinant class. 

Proof. The fact that (i| 35,^^47 and (if 53 are weak isomorphisms follows from in- 
spection of (1.57). To prove (A), (B) and (C) one applies Proposition 1.1 and uses 
formula (1.60) (in case of (A)), formula (1.59) (in case of (B)) and formula (1.58) 
(in case of (C)) together with the properties that Q;i+i,3i and (3i^26 £^re isomor- 
phisms (Lemma 1.6) and therefore of determinant class (in case (A)), Q;i+i,43 is an 
isomorphism (in case (B)) and (3i^48 is an isomorphism (in case (C)). 

□ 

Lemma 1.10. Assume that and are of determinant class. Then, for any i, 
the following statements hold: 

1 i 2 i 3 i 

(A) the three stage complexes T>\. given by ^ C^' ~^ ^i' ~^ ^i' ~^ ^ ^'"^ of 
determinant class and 



(1.63) logT(PV) = log Vo/ai,43 - log VoZ/5i,35 



(1.64) logT(PL) = log Volaij^ - log Fo//3,,48. 

(B) Assume, in addition, that the cochain complex H (of (1.52)) is of determinant 

class. Then, for any i, the three stage complex V^, given by ^ C] Cf 
Cf ^ 0, is of determinant class and 



(1.65) logT(P*) = log Volai^i2 + log Volai^si + log Volai^^s + log Volaij4. 
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Proof. (A) Recall that V\_ is given by 







where, according to (1.50), /i,22 = ( ai,43 ) and ^j,22 = (0 /3i,35 ). The map 0:^,43 



is an isomorphism and therefore of determinant class. Due to Lemma 1.9, the weak 
isomorphism /^^ 35 is of determinant class as well and (1.63) follows. 
Similarly one argues for T>1_ given by 



/t,33 ^2,- 9i,33 pj, 



where, according to (1.50), 







/i,33 = I «i,74 1 , gi,ii = ( /?j,48 ) . 

Notice that f3i^^^ is an isomorphism and therefore of determinant class. According 
to Lemma 1.9, the weak isomorphism Q;jj4 is of determinant class and therefore 
(1.64) is proved. 

(B) The complexes given by — C] Cf are exact and therefore 

of determinant class. To verify formula (1.65) we want to apply Lemma 1.4. 
Decompose C| = © Vf where 



and 



:= 7^2,+ ^ ^2,+o ^ ^2,++ ^ ^2,-+ 



Then fi = j j and = {g[ g'/) have the following representations 



(1.66) 



/ 





Q;i,i2 





ai,i4 






Q!i,32 





"1,34 




ai,4i 


ai,42 






V 














A, 18 \ 

/3l,28 
Pi, 38 
Pi,48 I 

Due to the assumption that Ji is of determinant class and due to Lemma 1.6 
and Lemma 1.9, the maps oji^si, 0^,12, 0^,43, "^,74, A,i27 A,35, A,26 and /3j,48 are weak 
isomorphisms of determinant class. Therefore j[ and g'l are weak isomorphisms of 



(1.67) 



/A,12 



\ 



/?i,16 

A,26 

A, 35 A, 36 
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(1.68) logT(0 ^ Cl ^ Cf ^ Cf ^ 0) = log Vol/; - log Vol^f . 
Applying Proposition 1.1, we conclude from (1.66) - (1.67) 

(1.69) log Vol// = log Volcii^ai + log Volai,i2 + log VolQ;i,43 + log Volai,74 

log Vol^," = log VolA,i2 + log VolA,35 + log VolA,26 + log Vol/3i,48. 

Substituting (1.69) into (1.68) leads to the claimed result (1.65). □ 

Let / : — be a morphism of cochain complexes. Define the mapping cone 
of / to be the cochain complex C{f) := {Ci{f),di{f)) where Cj(/) = Cf ® Cl^i, 

diif) = n T ■ Denote by SC = {SCi,Sdi) the suspension of a cochain 
complex C, defined by SCi = Ci+i, Sdi = —di+i. 

Consider the suspension SC^ of and the morphisms p{f) : C{f) — > SC^ and 
j{f) : ^ C{f) given by p,(/) - (Old) and Uf) - (^^^^ . Then 

is a short exact sequence of cochain complexes. The induced long weakly exact 
sequence in cohomology (cf. 1.52) becomes in this case 

(1.70) > H'{C^) ^ H\C{f)) ^ H\SC^) H'+^{C^) ^ . . . 

Notice that H^(SC^) is equal to i/*+^(C^) and the connecting homomorphism 
H{S,) : H'{SC^) H'+\C^) is given by the map H{f,+i) : W+\C^) H'+\C^), 
induced by f in cohomology. 

Lemma 1.11 (A). Let f : ^ be a morphism of cochain complexes. Assume 
that the cochain complexes C^,{k = 1,2) are of determinant class as well as the 
morphisms H{fi) (z > 0). Then the cochain complex C{f) is of determinant class. 

Proof. The claimed result follows from applying Proposition 1.1 and Lemma 1.9 
(cf the proof of Proposition 1.13(i)). □ 



Let 



^ ^ ^ ^ 



be a short exact sequence of cochain complexes. Let tt : C{f) C^, p : SC^ C{g) 

and S{f) : SC^ SC"^ be the morphisms defined by tt^ := ((/iO), Pi '■— { P ) , 

V Ji+l J 

Siif) ■■= fi+i. Clearly tt^ • ji{f) = Qi and Pi{g) ■ pi = Si{f). 
Lemma 1.11 (B). Both tt and p are homotopy equivalences. 



Proof. Without loss of generality one can assume that Cf — C] ® Cf, fi 
Qi = (0 Id) and dj = f 1' ^ with Oi : Cf CL, , satisfying 



Id 




D. BURGHELEA, L. FRIEDLANDER, T. KAPPELER 



23 



(1.71) dl+,ei + ei+^dl = o. 

Then pi = /(i and = (0/dO), as well as Ci{f) = © Cf © C/+i and 
Ci{g) = Cf e © Cf_^_^. Notice that di{f), resp. dj(5r), are given by 

, d] 9i Id 

(1.72) d,{f) = I 

-4+1 








Id 







— ^i+l 








-d^ 



(1.72') diig) 



Define the morphisms of cochain complexes a : C{f) and uj : C{g) —>■ SC^ 

( ° \ 

by CTj = I Id respectively uji = {—Oi — Id 0) and notice that tt^ ■ ai = Id and 

^i-Pi = —Id. It remains to check that (t-tt and —p-oj are both homotopic to Id. Since 
the cochain complexes NuII{tt) and NuU{u) are, as is verified easily, exact sequences 
this will follow from Lemma 1.12 below (applied to — > NuII{'k) — > C{f) — > — > 0, 
respectively Null{oj) C{g) SC^ 0). □ 



Lemma 1.12. Let 



be a short exact sequence of cochain complexes and let s : ^ be a morphism 
so that g ■ s = Id. If is an exact sequence, then s ■ g and Id are homotopic. 

Proof. It is to prove (cf. Definition 1.14 in [BFKM]) that there exist morphisms ti : 
Cf Cf-i such that Id—Sigi — d'^_iti + tij^id] . Consider the Hodge decomposition 

of C^Xl = Cl'^ © Cl~ with d} = (J^ 1) ) • ^^^'^ °^ exactness of C^, d] are 

isomorphisms. Without loss of generality one can assume that Cf = Cl'~^ ®Cl'~ ®Cf , 
' Id 0\ f sf 




/j = I Id \ , gi^ {00 Id), Si = I s~ \ and df = \ e~ | . Note that 

) \ld 
df+i ■ df = implies that 

(1.73) dl+,9- + 0t+,dl = 0, e-,,dl = 0. 

The condition that s is a morphism of cochain complexes implies that 
(1-74) dls- + 9+ = st+,dl 9- = s-^,dl 
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(1.75) 



ti+i — 






id])-' 




'i+l 



One verifies that Id — s^gi = tj+id^ + d^_^ti. 



□ 



Let ^ ^ — > be an exact sequence of ^-cochain complexes of 
finite type. Recall that it induces the long weakly exact sequence in cohomology 
(1.52) 



(1.52) 



which will be also viewed as a cochain complex and denoted by Ti. 

— > 6e an exact sequence of A- cochain 



(Jl (^2 A 



Proposition 1.13. LetO 
complexes of finite type. 

(i) IfC^, is of determinant class and H{5i) : H^{C^) W+^{C^) is of determi- 
nant class for a,ny i, then is of determinant class, 
(a) If C^, are of determinant class and II{fi) : W{C^) - 
nant class for any i, then is of determinant class. 
(Hi) If , are of determinant class and II{gi) : W{C^) 
minant class for any i, then is of determinant class. 



WiC'^) is of determi- 
H\C^) is of deter- 



Proof. (i) Recall that 



"i,36 
diAQ 



\ (0 





di,4:7 

0) 



"i,48 
"i,58 



From Proposition 1.1 we conclude that d^ is of determinant class iff cZfgg, 47 and 
df gg are of determinant class. In view of Lemma 1.9 it then follows that is of 

determinant class, using that dl,(^ and 7^ are of determinant class for any i. 

(ii) By Lemma 1.11(A) (or statement (i) above), the mapping cone C{f) is of 
determinant class. As C(/) is homotopy equivalent to (Lemma 1.11(A)) it follows 
therefore from Proposition 1.3(B) that is of determinant class. 

(iii) Applying again Lemma 1.11(A) and (B) one concludes that the mapping cone 
C{g) is of determinant class and homotopy equivalent to SC^. Thus Proposition 
1.3(B) implies that is of determinant class. □ 

Theorem 1.14. // three out of the four cochain complexes ,C'^ ,7i are of 
determinant class then so is the fourth and one has the following equality 



(1.75) 



logT(C2) = logr(Ci) + logr(C3) + logTiH) 

-J2{-iyiogT{0^Cl^Cf^Cf 



0). 



Proof. In view of Proposition 1.13 it remains to prove, apart from formula (1.75), 
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the following statements hold: 

(i) If is of determinant class then gg is of determinant class which implies that 
H{5i) is of determinant class for any i (cf Lemma 1.9(A)). 

(ii) If is of determinant class then C(/) is of determinant class (Lemma 1.11(B), 
Proposition 1.3(B)). Moreover, by Proposition 1.13(i), the morphisms H'^{SC^) — > 
iy*+^(C^) are of determinant class which is equivalent to if(/i_|_i) being of determi- 
nant class (cf (1.70)). 

(iii) If is of determinant class then C{g) is of determinant class (Lemma 1.11(B), 
Proposition 1.3(B)) and, by Proposition 1.13(i), H{gi) : W{C'^) H\C^) is of 
determinant class for any i. 

Combining (i)-(iii) one concludes that if are of determinant class, then H 

is of determinant class. 

To prove formula (1-75) consider the commutative diagram 



(1.76) 



6 / ^2 -0 ^2,-+ ^2, (OOft^s) ^3,- 



(1.77) 



r, ^1,+ V O' / ^2,+0^^2,++ „^2,+- (OOA+1,35) /^3,+ r, 

Notice that dl,(^ and d"^ establish a weak isomorphism of determinant class between 
the complexes (1.76) and (1.77). By Lemma 1.9 both complexes (1.76) and (1.77) 
are of determinant class. By Proposition 1.3, for any i 



(1.78) logT(0^ Cll\^ C^4+-^ Cf4+-.0) 

= logT ( ^ Cl'- ^ ^ cf ^ ) 

- log Vol(d,i) + log VoKi^) - log Vol(d?) - log Vol(43g), 

where we used that H{d\) = = H{d^) and H{^) = (if 36- Rearrange terms in 

(1.78) , multiply by (—1)*+^ and sum over i to obtain 

(1.79) 5;](-l)MogVol(4)-5;](-l)MogVol(d|)+5;](-l)MogVol(d|) 

iii 

= - J2{-iy\ogT{0 C^4+ - Cf;+ - Cf4+ ^ 0) 

i 

+ Y^i^iy logT(0 ^ Cl'- ^ cf '- ^ cf '- ^ 0) 

i 

-5](-l)MogVol(43e). 
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Recall formula (1.60), df ^Q — cti+i,3i7iA,26- Using that both (i|3g and 7i are 
weak isomorphisms of determinant class and, according to Lemma 1.6 which states 
that CKj+i^ai and /?j,26 are isomorphisms we conclude from (1.4) that 

(1.80) log Vol^se = log Volai+1,31 + log Vol7i + log Vol/?i,26. 
Substituting (1.80) into (1.79) and taking into account that 

logT(7i) = 5;](-l)MogVol(a,,i2) - 5^(-l)Mog Vol(/3,,i2) + 5^(-l)Mog Vol(7i), 

i 

one obtains 

(1.81) logr(Ci) - logT(C2) + logT(C3) 

= -logT{n) - 5;](-l)MogVoH+i,3i - 5;](-l)MogVolA,26 

i i 

- J](-l)MogVol/3i,i2 + 5^(-l)MogVolai,i2 

i i 

+ Y.{-iy iogT(o ^ c^- - c^- ^ '- ^ 0) 

- J](-i)^ iogr(o - cJ4+ - cf4+ ^ Cf4+ ^ o). 

By Lemma 1.10, 

(1.82) logT(0 - C^4+ - C^4+ - Cf4+ ^ 0) 

= log Vol(Q;i+i,43) - log Vol(/3i+i,35) 

and 

(1.83) logT(0 ^ C]^- ^ Cj'- ^ Cf'- ^ 0) = log Volai,74 - log VolA,48. 
Changing the index of summation from z + 1 to z where necessary, one obtains 

logr(C^) = logT(C^) + logT(C3) + logT(7^) 

- ^(-l)MogVola,,3i - 5^(-l)MogVolai,i2 

i 

- J](-l)MogVolai,74 - J](-l)MogVolai,43 
+ ^(-l)MogVolA,i2 + ^(-l)MogVolA,26 

i i 

+ 5;](-l)MogVolA,35 + 5;](-l)MogVolA,48 

i i 

= logT(Ci) + logT(C3) + logT(7^) - J](-l)* logT(0 ^ ^ ^ ^ 0) 

whprp. fnr thp last pniia.litv. wp iispd aerain Tiftmma. 1.10. This nrnvps ^^.7F^^. H 
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2. Torsions for compact manifolds with boundary. 

2.1 Reidemeister and analytic torsion. 

Let (M, g) be a compact Riemannian manifold with boundary and 
(M, d-M, 9_|_M) a bordism. Further let ^ be a unital von Neumann algebra and 
£^ M be a bundle of ^-Hilbert modules of finite type equipped with a fiat 
connection V with the property that the inner products (•, ■) of £y — p~^{y) are 
parallel. Such a pair {£, V) will be denoted by and refered to as a parallel flat 
bundle of ^-Hilbert modules. 

Given a generalized triangulation r = {h, g') of M, the collection of the unstable 
manifolds in M\dM, W~ , associated to the critical points y G Cr{h), and the 
flow, induced by gradg/h, provides a relative CW-complex structure on the pair 
of spaces {S,d-M), S = 5_M [Jy^cr{h) whose open cells are given by W~ . 
The inclusion of pairs {S, d-M) C (M, d-M) is a homotopy equivalence. Notice 
that if r = [h, g') is a generalized triangulation for M = {M,d-M,d+M), then 
To = {—h,g') is a triangulation for ~M. Further if M, resp. A^, are two closed 
manifolds and r' = {h',g'), resp. t" = {h",g"), are generalized triangulations, 
then To := {h' + h'\ g' (B g") provides a generalized triangulation on M x N. The 
CW-complex structure induced by tq is the product of the CW-complex structures 
induced by t' and t" . Notice that if (M, 9_M, d+M) is a bordism and dM ^ 0, then 
/io := /i' + h" is not constant on the boundary components d±M x N, and therefore 
To is not a generalized triangulation as defined in the introduction. However it is 
possible to modify /iq in an arbitrary small neighborhood of dM x so that the 
new function h has the same critical points as /iq, t := (/i, g' © g") is a generalized 
triangulation and the relative CW-complex structure induced by r is the product 
of the relative CW complex structure induced by r' and the CW complex structure 
induced by t" . The generalized triangulation t will be refered to as a product 
triangulation t = t' x t". 

Denote by M = UM, the disjoint union of the connected components Mj of a 
manifold M. Let Mj be the universal cover of Mj and introduce M = UMj. Let h 
be the lift of h to M, and g' be the pull back of the Riemannian metric g' on M. 



Then the gradient vector field grad-^fh satisfies the Morse-Smale condition as well. 

For an arbitrary critical point y e Cr{h), choose an orientation 0~ of the de- 
scending manifold WZ and let Oh '■= {O^; y e Cr(h)}. Given this choice one con- 

y y 

structs, as in [BFKM, section 4], the cochain complex (C^(M, 5_M, t, O/j, .F), 5^) 
of ^-Hilbert modules of finite type. 

Denote by A^"'"'' the combinatorial Laplacians 



selfadjoint ^-linear operator on and for any e > one can define its regularized 
determinant in the von Neumann sense, by the following Stieltjes integral 




is a bounded, nonnegative 




n 



comb 
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where N^corr,b{X) is the spectral distribution function associated to A^°"^^. 

The function log c/etjv(A^°"'^ + ■) is an element in the vector space D consisting 
of equivalence classes [/] of real analytic functions / : (0, oo) — > R with / ~ ^ iff 
lim(/(A) — ^(A)) = 0. (The elements of D represented by the constant functions 

A — ^0 

form a subspace of D which can be identified with M, the space of real numbers.) 
We then define Tcomb = Tcomb{M, d-M, r, J^) as the following element in D 

logT,omb = ^5^(-l)^+^glog cZet(A--^ + •)• 

One can show that logTcomb is independent of the choice of orientations Oh- 
To define the analytic torsion we first have to introduce some more notation. 

Denote by A'^(M; S) the ^-module of all smooth g-forms and let dq : A'^(M; S) — > 
A^+^(M; £) be the exterior differential induced by the exterior differential on scalar 
valued qf-forms and the covariant differentiation given by the connection V on £. 
Then (A*(M; £), d*) is a cochain complex of ^-modules. The Riemannian metric 
g together with the connection V induce the Hodge *-operators Jq : A'^{M;S) — > 
A'^~'^{M;£), denoted by *. The operator Jq induces a scalar product (•, •) on 
A9(M;^), with {uj\uj") given by {lo'.uj" in Ai{M]£)) 



(2.1) {c^',co") = ju' 



As *oj" 



M 



where A = Ag 

is defined by the composition 

A^(M; £) X A'=(M; £) A«+'=(M; £ ^ S) ^ A«+'=(M). 

Denote by d*_-^ : A'^(M; £) A^~^(M; £) the formal adjoint of dq-i with respect 
to this scalar product. Notice that ci*_i is ^-linear and 

<-l = (-1)'^^''-^^+^ * dd-q * . 

Define the submodules A?(M; £) and A|(M; £) of Ai{M; £) 



(2.2) A\{M-£) := {a; e A^(M;£); = 0; if^M(*^) = 0) 
and 

(2.3) A1(M; £) := {u e A«(M; £)■ = 0; if^Mi*^) = 0; 

where Iq^m • A*(M;£') A*{dM±;£) are the puUbacks induced by the embed- 
dings id±M '■ d±M > M. 

rf ; J — T , — „ c — ™„ ;„ \ 9 r A^. c\ 
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Ag := d*dg + 

The operators Ag are essentially self-adjoint, nonnegative, elliptic and ^-linear. 
For any e > one can define its regularized determinant in the von Neumann sense, 

log detN{Ag + e) = -^CA<,+e(s)|s=o - elog(trArPg) 

where Pg denotes the orthogonal projection onto the null space of and Ca +e('S) 
is the meromorphic continuation of the function defined for TZe{s) > d/2 hy the 
formula (cf. [BFKM]) 

Then log detpf {Ag + ■) is an element in the vector space D introduced above and 
the analytic torsion Tan = Tan{M,d-M, g,T) is defined as the following element 
in D 

log Tan = \ ^(-l)^+'glog deti^Ag + •)• 

Denote by L2(A^(M; E^) the completion of A^(M; with respect to the scalar 
product (•,•). L2(A^(M;£^)) is an ^-Hilbert module. Notice that the completions 
of (AJ(M; E)) {j = l, 2) give the same space L2(A«(M; E)). 

Introduce the space of harmonic forms, 

HqiM; E) := {uj G A|(M; E); dgUJ = 0; dl_^uj = 0}. 

It is an immediate consequence of the definition of A'j(M;E),j = 1,2, that the 
Hodge * operators induce isometrics (Poincare duality) 

A](M;^) ^ A^^-^(-M;^) 
ng{M;E)^nd-g{-M;E). 

(Recall that —M is obtained from the bordism (M, d-M, d+M) by interchanging 
the role of d+M and d-M.) 

By the theory of elliptic differential ^-operators one concludes that, for any q, 
'Hg{M;E) is an ^-Hilbert module of finite von Neumann dimension (in fact it is 
of finite type). Denote by ^^(A) : A^(M;£) — > A2{M;E) the spectral projections 
corresponding to the Laplacian Ag and the boundary operator 

(2.4) Bg : Ai{M;£) A''{d-M;£) x A''-^{d-M;£) x A'^-i{d+M;£) x A'^-i-^{d+M; £) 
^ ^ («9_MM'^a_MK-i'^)'^a+M(M,ia+M('^d-«-i(M)- 
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Proposition 2.1. (Hodge decomposition) For any < q < d, there exist orthogonal 
decompositions of A-pre Hilbert modules 

(HD) Ai{M;£) = Hq{M;£) © closure (Ap^M; £)) © closure d* (A?+\M; £)) 

where the word closure refers to the closure with respect to the usual — topology. 

{HD)i K\{M;£)^Hq{M;S)® closure (A|~^(M; f)) ® closure d*(A^+^(M; f)) 

and 

(HD) L2(Af(M;£)) = Hq(M; £) © L2 (d^-i (Af-^M; £))) © L2 (d* (A^+'(M; £))) . 

Proof We begin by noticing that HqiM; S), rf^-i (A|"^ (M; S)) and d* (A^+^(M; S)) 
are Asubmodules of Af(M;^) and nq{M;£),dq-i{Al~^{M;£)) and 
d* (Af+^(M; £)) are Asubmodules of A'?(M; £). In each of the two cases the three 
spaces are, due to Stokes' theorem, pairwise orthogonal with respect to (•, ■). More- 
over (HD) follows from (HD) or {HD)i. 

Thus it remains to check that an arbitrary element uj in A^(M; £) or Af (M; £) 
can be decomposed as stated. With this in mind, we introduce for e > the operator 
Gq.^ : Ai{M]£) Al{M]£), which vanishes on the subspace Pq{e)Ai{M;£) and 
is equal to (considered with boundary conditions defined by the boundary 

operator (2.4)) on [id - Pq{e))Ai{M;£). 

Notice that AgGq-e ^ Id- Pq{e). Thus, for w e A«(M;£:), one has 

UJ = Pq{e)0J + dq-id*q_-^Gq.el^ + d*qdqGq.^UJ 

and therefore 

(2.5) U - {Pq{e) - Pq{0))u; = Pq{0)uj + dq-id*q_^Gq.,eUJ + d*qdqGq,eUJ. 

Since Gq.,uj G Al{M;£) 

(2.5') d*q_^Gq,,u e Al-\M-£) and dqGq,,u e A?+^(M;£). 

One concludes that (2.5) is a decomposition of type {HD) for 
u^=u- {Pq{e) - -Pq(0))a;. Let us show that if a; e A?(M; £) then 

dl_^Gq,eUJ e AI-\M;£) and dqGq,,uj e AI+\M;£). 

In view of (2.3), (2.5') and d ■ d = it remains to check that 

(2-6) 4+m{* dq-idl_^Gq.^u;) = and it.uidldqGq.^u:) = 0. 

Observe that 



D. BURGHELEA, L. FRIEDLANDER, T. KAPPELER 



31 



and 

dqdqGq.^LO = (Aq - dq_idl_-^)G q.^UJ = iO - Pq{e)iO - dq_idq_^G q.^UJ . 

But i^^M * a; = and = (as a; G A^(M; (£")), * -Pgl^)"^ = a^nd 

^a_M^<z(e)^ = (as ^g(e)^ G A^(M;£:)) and i'^^j^dd-q-i^dqGq.^u = da-q-iig^M* 
dqGq,^u = and i^_j^dq_id*_-i^Gq.^uj = dq_ii^_j^dl_-^^Gq.e * a; = (as Gq.^u e 

Consequently the decompositions (HD) and {HD)i hold for cOf, = lv — (-Pq(e) — 
Pq(0))a;. Note that linig^o'^e = in A^(M;£) with respect to the C°°— topology 
and all spaces in (HD) and {HD)i are closed in this topology. □ 

Define 

(2.7) A«(M, d-M- E) := {u e A^(M; £:); = 0}. 

Notice that (A'^(M, d-M; S), dq) is a subcomplex. The integration Int^'^^ on the 
g-cells of a generalized triangulation r = {h,g'), which is given by the unstable 
manifolds of gradg'h, defines an ^-linear map 

7nt(«) : A'?(M, d^M; 8) Ci{M, d-M, r, Ou; J^) 

so that Sqlnt^'^^ = Int^'^^^^dq. Denote by iVq the canonical projection Hq : ^ 
Null (A^""^''). By a theorem of Dodziuk [Do] of de Rham type, generalized for 
manifolds with boundary, the map 7rqlnt^'^\ restricted to Tig, is an isomorphism 
of Hilbert modules. Denote its inverse by 9q. Define the metric part T^^f — 
Tmet{M, d-M,g, T, J^) of the Reidemeister torsion by 

logT^et := I ^(-l)^log detNieiOq). 
1 

XogTmet is independent of the choice of the orientations Oh- The Reidemeister 
torsion T^e — Tiie{M, d-M, g, r, J-') is defined as an element in D by 

log Ti?e = log Tcomb + log Tmet- 

In the remaining of this subsection we will discuss the behavior of the torsions with 
respect to the Poincare duality and the product formula for torsions. 

Suppose M is oriented. Then the orientations Oh of the unstable manifolds cor- 
responding to the gradient vector field gradg'h induce orientations on the stable 
manifolds of gradg'h. These manifolds can be identified with the stable manifolds 
of gradg'{—h) with the orientations O-h- Since the critical points of index k of h 
are the critical points of index d — k of —h one obtains isometrics of Hilbert mod- 
ules J^""^^ : C«(M,a_M,T;.7^) ^ C'^-9(M, a+M, r^; J^) ( which induce Poincare 
duality) and verifies that 



TComb r 



/ 1 \a(d—a) 



TComb 
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where 5q-r resp. Sq-rn the differentials in the cochain complexes C{M, 5_M, r; J^) 
resp. C{M,d+M,TD,J^) and 5*.^ denotes the adjoint of 5q-r- Further it is easy to 
check that the restrictions of Int^'^^ and Int^'^~'^\ 

Int^'^^ : HqiM; S) C^iM, d-M, r, Oh; T), 

Int^'^-'i^ : Hd-qi-M; S) ^ C^'^M, d+M, td, Oh; T) 

intertwines Jq : rLq{M;8) Hd-qi-M^S) with J^°"^^ Let us also recall that 
Jd-q ■ Jq = {-ly^'^-ihd and therefore 

(2.9) Jd-qAd-qJq = {-1^^"-'^^ Aq ■ J^T' " <^.;r = (-1)'^"-'^ S*,_q.^,^ ■ J^q'^^K 

By using 2.8 and 2.9 and the intertwining mentioned above one obtains 

Proposition 2.2. The following identities hold in D : 

(i) logT^ombiM, d-M,T;J^) = {-iy+HogT,omb{M,d+M,rD;ry, 

(ii) logTaniM, d-M, g; J^) = (-1)^+1 log T„„(M, d+M, g; 

(Hi) \ogTmet{M, d-M,g,T;J^) = {-iy+HogT,net{M, d+M, g,TD; J"). 

Proposition 2.3. Let [M, d-M, d+M) be a bordism equipped with a Riemann- 
ian metric g, a generalized triangulation t and a parallel flat bundle T of A-Hilbert 
modules of finite type. Let N be a closed manifold equipped with a Riemannian met- 
ric gN, a generalized triangulation tjv and a parallel flat bundle J^n ofAN—Hilbert 
modules of finite type. Denote by t a product triangulation and by A the von Neu- 
mann algebra A = A^An- Then !F®J-n is a parallel flat bundle of A—Hilbert 
modules of finite type. 

If the pairs {{M, d-M, d+M), J^} and {N, J^n} are of determinant class, so is the 
pair {{M x N,d-M x N, d+M x N), J^®Tn} and the following equalities hold: 

logTaniM X N, (d-M) xN,g® g^, ^®^iv) = x(M, d-M; T) 

(2.10) logT«,(Ar, g; T^) + x(A^; ^n) logT,„(M, d_M, g; T) 

XogTneiM X N, (d-M) xN,g® gN,r, J^0JSr) = x{M, d_M; T) 
(2.10') \ogTR,{N, g, tn; J'n) + x{N; Tn) \ogTR,{M, d_M, g, r; T). 

The proof of Proposition 2.3 is identical to the one of Proposition 4.1 in [BFKM]. 

2.2 Determinant class. 

Following [BFKM, section 4.1] we introduce the following 

Definition. (1) The triple {(M, d-M, d+M), r, J^} is said to be of c-determinant 
class iff for < A; < cZ 

— oo < / log AcZA^A comb (A). 
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(2) The triple {(M, 9_M, d+M),g, JF} is said to be of a-determinant class iff for 
0<k<d 



As in [BFKM], one can conclude from work of Gromov-Shubin [GS] (cf. also 
[Efl],[Ef2]) that the following result holds: 

Proposition 2.4. ([GS]) The triple {{M, d-M, d^M), g, J^} is of a-determinant 
class iff {{M, d-M, d^M),T, J-'} is of c- determinant class. 

Proposition 2.4 allows us to introduce the following 

Definition, (i) The pair {(M, 5_M, .F} is said to be of determinant class 

if there exists a generalized triangulation r such that {(M, 5_M, d+M),T, T} is of 
c-determinant class. 

(ii) The system (M, 9_M, c)_(_M, JF) is said to be of determinant class if the three 
pairs {(M, a_M, a+M), JF}, {(M, 0, dM), T}, {dM, T \qm} are of determinant class. 

Notice that a system (M, 9_M, 9-|-M, JF) being of determinant class implies that 
the two pairs {9±M, \d±M] are of determinant class as well as, by Poincare 
duality, that the two pairs {(M, a+M, d-M), JF} and {(M, dM, 0), JF} are of deter- 
minant class. 

Proposition 2.5. (1) If the system {M, d-M, d+M, J^) is of determinant class 
then the long weakly exact sequences in cohomology with coefficients in T associated 
to (M, dM) and (M, d±M) are of determinant class. 

(2) Suppose that the systems {Mi, d-Mi, d^A4i, J^i) {i — 1,2) have the property 
that (a+Mi,J^i lo^Mi) = (9_M2,J^2 Id-M^)- Let {M, d-M, d+M, J^) be the system 
where M is obtained by glueing Mi to M2 along d+Mi — d-M2 and T defined by 
Ti on Mi. If the systems {Mi, d-Mi, d+Mi, Ti) are of determinant class then so is 
the system {M, d^M, d+M, T). 

(3) Suppose that each connected component of a closed Riemannian manifold N is 
simply connected and let T denote the pullback of T by the canonical projection of 
M X N on M. Then the pair {{M,d-M,dj^M),T} is of determinant class iff the 
pair {{M X N, d-M x N, d+M x N), JF} is. 

(4) The system {M, d-M, d+M, J^) is of determinant class iff the system 
{M,^,dM,!F) is of determinant class. 

Proof. (1) We verify the statement for (M, d-M). Similar arguments can be used 
for {M,dM) and {M,d+M). Choose generalized triangulations t_ = {h-,g'_) of 
d-M and r = {h, g') of (M, d-M, d+M). The descending manifolds of gradg' h- in 
d-M and of gradg'h in M\d-M provide a cell structure for the space X = SUd-M, 
where S is the union of all open cells of r (i.e. of all descending manifolds of gradg'h 
in M\d-M). By an arbitrary small change of the metric g'- which keeps the CW- 
complex structure of d-M isomorphic to the unperturbed one, one can arrange 
that the cell structure is in fact a CW-complex structure, denoted by f. Choose 
orientations Oh resp. Oh_ for the cells of r resp. t_. These orientations define 

— ; — /n c — „„ii„ — ri ;j — inaiv — /n. nr\ s: \ 



—00 < 




\og\dNA^{\). 
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of A -Hilbert modules of finite type associated to the CW-complex (X, r) and T. 
The short exact sequence of cochain complexes 

^ C*(M, d-M, T, Oh; T) ^ C*(X, f , O; T) ^ C*{d-M, t_, Oh_ ;T\q_m)^^ 

induces a long cohomology sequence which is weakly exact, hence a cochain com- 
plex. This complex will be called the cohomology sequence of the pair (M, d-M). 
Different generalized triangulations give rise to isomorphic (but not necessarily 
isometric) cochain complexes. Using subdivisions, one can show that any gener- 
alized triangulation r' = {h' , g") of the bordism (M, 0, dM) produces a cochain 
complex C*(M, r', O/i'; JF) of ^-Hilbert modules which is homotopy equivalent to 
C*{X, f, O; JF). By hypotheses, C*(M, r'. Oh'] ^) is of determinant class and there- 
fore, by Proposition 1.3(B), C*(X, f, O; JF) is of determinant class as well. Thus, 
by Theorem 1.14, the cohomology sequence of the pair (M, d-M) is of determinant 
class. 

(2) We verify that the pair {(M, 0, c)M), JF} is of determinant class. Similar 
arguments can be applied to the pair {(M, c)_M, c)_|_M), JF}. (Notice that, by as- 
sumption, {9M, JF \qm} is of determinant class.) Choose generalized triangula- 
tions Ti = {hi,g[) for (Mi,a+Mi,a_Mi), T2 = (/i2,^2) for (M2, a.Ma, a+Ma) and 
''"0 = (^0, ^0) fo^ d+Mi = d-M2. The open cells of tq, n, T2 provide a CW-complex 
structure f (if necessary, modify q'q slightly) for the space Y — d+Mi U Si U S2 
where 5'i resp. 5*2 are the union of the open cells of ri resp. T2. Choose orientations 
Oho, Oh^, Oh.2 foi" the cells of to,ti,T2 which define orientations O for the cells of 
f, and consider the associated cochain complex {C'^(Y,f,0;T),5q) of ^—Hilbert 
modules of finite type. Consider the short exact sequence of cochain complexes 

^ ^^(Mi, a+Mi, n, Oh,;Ti)®C'i{M2, a.Ms, r2, O/.,; ^2) ^ C^iY, f , O; T) ^ 

^C^(a+Mi,To,0/.o;^ b+Mi) ^ 0. 

Notice that the connecting homomorphisms in the induced cohomology sequence, 
K\d^M^,T^;T r^^Mj ^i^^+H^i,5+^i,n;^i)©i^^+H^2,9_M2,r2;^2),are 
the sum of the connecting homomorphisms in the cohomology sequences of the pairs 
(Ml, 9+Mi) and (M2, d-M^) and hence of determinant class by (1) and Proposition 
1.1 (C). Therefore, Proposition 1.13 (i) together with the made assumptions implies 
that the complex C*(y, f, O; JF) is of determinant class. By Propostion 1.3(B), the 
homotopy equivalence of C*(F, f, 0\T) with the cochain complex associated to an 
arbitrary generalized triangulation of the bordism (M, 0, dM) implies that the pair 
{(M, 5_M, 5-|_M), .F"} is of determinant class. 

(3) follows from Proposition 1.2. 

(4) In view of the definition of a system being of determinant class it suffices to 
prove that the pair {(M, 9_M, 9+M); .F"} is of determinant class if the system 
(M, 0, 9M, T) is of determinant class. First notice the following two facts: 

(i) The disjoint union of two systems of determinant class is a system of determinant 
class and 

(ii) if {A^, JF} is a pair of determinant class (A^ a closed manifold) and ^[a,6] denotes 
the puUback of T by the projection p : N x [a, 6] N {[a,b] a compact interval on 
M) then (A^ X [a,b], N X a, N x b; ^[0,6]) is a system of determinant class. 

For z = 1, 2 define bordisms {Ni, d-Ni, d+Ni) 



i T\.T a iKT a iKT \ i'i\/r rh aA/r\ \ \ i' a i\/r J ^ nl a i\/r r 11 a i\/r r^^^ 



D. BURGHELEA, L. FRIEDLANDER, T. KAPPELER 



35 



(iV2, a_iV2, d+N2) := (a_M X [0, 1], a_M x {0, 1}, 0) 

U [d+M X [0, 1], a+M X {0}, d+M x {1}) 

and whose parallel flat bundle Qi of Hilbert modules are equal to on M and 
to (JF \d±M)[a,h\ on the other components. (Recall that AU B denotes the disjoint 
union of two sets A and B.) 

The statements (i) and (ii) above imply that the systems (ATj, d^Ni, d+Nf, Qi) are of 
determinant class. Since {d+Ni^Qi \d+Ni) = (f^--^2,^2 \d-N2) can glue these 
two systems to obtain a system {N,d-N,d+N,Q) which by (2) is of determinant 
class. The result follows once we observe that {N,d-N,d+N,Q) is isomorphic to 
{M,d-M,d+M,J^). □ 

2.3 Witten deformation of the de Rham complex for manifolds with 
boundary. 

Given a triangulation r = {h,g') of M, consider the Witten deformation dq{t) 
of dq, 

(2.8) dg(t) = e-^^dqe^^ = dq + tdhA. 

Noticing that d*_i{t) = (— ^ dd-q{—t)* we define the spaces 
A*.^{M;£) = A*{M;£){t) {j = 1,2) and H^-tiM^S) by replacing in the definition 
(2.1) - (2.2) the exterior derivative dq and its adjoint d* with dq{t) respectively 

Using the same proof, the above Proposition 2.1 can be generalized as follows: 

Proposition 2.1'. For any t E M. and < q < d, there exists an orthogonal 
decomposition of A-pre Hilbert modules 

(i?£))*A3(M;f) = nq;t{M;£) S) closure dq-l(t){Al^^^{M■,£)) © doswre d* (t) (A^+^ (M; f)) , 



{HD)\Al{M;£) = Hq-t{M-£) ® closuredq-i{t){hl~'^ {M;£)) © c/osure(i*(t)(A«+\M; £)) 
(where the word closure refers to closure with respect to the C°° — topology) and 

(HDY L2{A1{M;£)) =Hg;t(M;f)ffiL2(dg_i(t)(A^^\M;£:))) ffiL2(d*(t)(A«+i(M;f))). 

Consider the differential boundary operator 

(2.4) Bq{t) : Ai{M;£) A'^{d-M;£) x A'^-^ {d-M; £) x A'^-i{d+M;£) x A^'"-'^ {d+M; £) 

^ ^ (»a_MM'«a_MK-lWw)>«f, M(*^)'*f+M('^d-g-lW(*^)))- 
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One verifies that, for any t e M, (Ag(t), is an elliptic boundary value 

problem which is essentially selfadjoint and nonnegative. Hence the spectrum 
(Tq{t) := Spec [Aq{t), Bq{t)) of [Aq{t), Bq{t)) is contained in [0,oo). Following 
the proof of Proposition 5.2 in [BFKM] one concludes that there exist constants 
C > 0, C" > and to > so that for t>to and < q < d, 

aqit)nie-'^,C't) = t 

Choose to so large that 
and introduce, for t > to, the orthogonal projections Qq{t) : A'^ (M; £) — > Al.^{M; £), 

where (A — Aq{t)) ^ is viewed as a map 

(A - A,(t)) : A^(M; ^ A|,(M; 

and is the circle in the complex A-plane, centered at 0, with radius 1. 
Introduce the following ^-submodules of Aj.^(M;£^), 

At{M;£),m := Qq{t){A'^{M;£)) 

and 

At{M;£)ia := {id - Qq{t)){A^{M;£)). 

Notice that Aj(M;£)sm Q ^2;ti^'i^) ^ ^-Hilbert submodule of finite von 
Neumann dimension. Further {A1{M; £)gm,dq{t)) and {Aj{M;£)ia,dq{t)) is a sub- 
complex of {Ai{M,d-M;£),dq{t)). 

Let us now describe {Al{M; £)srm dq{t)) in more detail. 

RecaU that the cochain complex (C« = C^iM, d_M, r, Oh; J^),Sq) is given by 

= © £x 

where Crq{h) — {xq-j; I < j < iriq} denotes the set of critical points of h which are 
of index q. Given q and 1 < j < ruq := ^Crq{h), denote by eq-j^i{l < i < i) axi 
orthonormal basis of £j:^,. [xq-j G Crq{K)). (Recall that £x is assumed to be a free 
^— Hilbert module (cf introduction).) Define Eq-^j^i e by 

Eq-,j^i{Xq-ji) = Sj'jGq-j^i 

where Sj'j denotes the Kronecker delta. With respect to this basis, Sq is given by 

^q{Eq;i,j) = X] 1q;ij,i'j'Eq+l-i'j'. 
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Generalizing results of HelfFer-Sjostrand, one constructs for t > to axi orthonormal 
base <Pq;i,j{t) of A|(M; £)sm to conclude that A|(M; £)sm is a free ^-Hilbert module 
of finite type. 

Let us recall from [BFKM] the notion of a i^-neighborhood Uqj = Ux . oi a 
critical point Xq-j e Crq(h): 

Definition. Uqj C M\dM is said to be an if-neighborhood of Xq-^j if there exist 
a disc '■— {x G M*^; < 2a} and diffeomorphisms : Uqj and $ : 

X W ^ S \ugj with the following properties: 

(i) v?(0) = Xq.j- 

(ii) when expressed in the coordinates induced by (p, h is of the form 

q ^ d 



1 1 

h{x) = h{xq.j) - -J2^k + :^ ^fe' 



2^ « 2 

fe=l k=q+l 

(iii) the puUback (p*{g') of the Riemannian metric g' is the Euclidean metric; 

(iv) $ is a trivialization of £ \ugj ■ 

For later use, we call the coordinates provided by (p ff-coordinates and define 
t/^:=(^(5«). 

A collection {Ux)xeCr{h) of -/^-neighborhoods is called a system of i^-neighborhoods 
if, in addition, they are pairwise disjoint. 

Taking into account that h is not necessarily a self indexing Morse function one 
obtains the following version of Theorem 5.7 in [BFKM]. (We recall that we assume 
throughout this section that the VV^'s are free ^-Hilbert modules.) 

Theorem 2.6. Assume {Ux)xeCr{h) system of H -neighborhoods such that, for 
any q and j ^ j' 

Ux ■ n w--, = 

^q;j q;3 

where W~j, denotes the descending manifold associated to the critical point Xq-j' 
and the gradient flow gradg'h. 

Then there exists ti > to such that for t > ti, the elements ipq-j^i(t), constructed 
in [BFKM, (5. SI)] with 1 < j < ruq, 1 < i < £ form an orthonormal basis of the 
A-Hilbert module Al{M; £)sm with the following properties: 

(i) There exist C > 0,r] > so that for t > ti,l < r < £, 

sup \\<Pq.j,rmx)\\<Ce-'^. 

(ii) When expressed in H -coordinates on Uxq.j(^W~j, the q-forms <fiq-j,r{t) satisfy 
the following estimate 

Vq-dAi){x) = e-^l^l'/2 (^dXi A---AdXq0 Cq.j^r + 0(^)^ • 
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dq{t)(fq;j,r{t) - ^ TJg.jrJ'r' it)<Pq+l;j' ,r' (t) 

l<j'<mq+i 
l<r'<£ 

and the coefficients Vq-jrj'r' satisfy 

V,;jr,rr'{t) = ((^) + 0(1)) e-'i'^^"^^^^'^-^^^^'^^^) . 

We need the following application of the above results (cf. [BZ]): 
Corollary 2.7. 

Proof. As in [BFKM] we must show that for any cell W~j, 

JW-., TT t 

Estimates of ^q;j,r in terms of the Agmon distance ([HS], [BZ], [BFKM]) imply 
that it suffices to consider the case where j = /. Moreover it suffices to estimate 

Note that on W~.j n Uqj, the function e^* is of the form 

q 

and the statement follows therefore from Theorem 2.6(ii). □ 
Consider the isomorphism of ^-Hilbert modules 

fk{t) : A'^{M; £),^ ^ C''{M, d.M, r, 0^; T) 

given by 

(2.9) A(t)(v^fe;,.(t)) := ((^)^e-*'^(--))W'=)(e*Vfc;,.(t))- 

Then the maps fk{t) provide an isomorphism between {j^{M\E)srn-,Ak{t)) and 

{C^{M, d-M, T, Oh] ^), 5fc) where dk{t), when expressed with respect to the basis 
{Vk;ir{t)), is given by the matrix 
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As a consequence of Corollary 2.7, fk{t), when expressed with respect to the basis 
i<fk;ir)i,r of A'^{M;£)sm and the basis {Ek-ir)ir of C'^{M,d-M,T,Oh; J^), is of the 
form 

fk{t) = ld+0{j) (t^oo). 

2.4 Asymptotic expansions and a comparison theorem. 

Suppose that (M, d-M, d+M) is a bordism, g a Riemannian metric, r = {h, g') 
a generalized triangulation and T a parallel flat bundle. 

Denote by logT{M,d^M, g,h,J^){t) the analytic torsion defined by the Laplace 
operators Aq(t) associated to dq{t) and the metric g. For t large enough let 
logTsmiM,d-M,g,h,T){t) and logTiaiM, d-M, g, h, T){t) be the torsion of the 
subcomplex [Al{M;£)sm,dq{t)) respectively {A'}{M; £)ia, dq{t)) . 
Both, 

log T(M, d-M, g, h, J^){t) and log Ts^(M, d-M, g, h, T){t) are elements in the vec- 
tor space D and log T;a(M, d-M, g, h, T){t) is a real number. In the case the pair 
{(M, 9_M, 9_|_M), JF} is of determinant class the Laplace operators Aq(t) associ- 
ated to dq{t) and the metric g are of determinant class. As in [BFKM] one proves 
the following two theorems: 

Theorem A. Let M = (M, d-M, d+M) be a bordism, g a Riemannian metric, 
T = {h, g) a generalized triangulation and T a parallel flat bundle of A—Hilbert 
modules so that the pair {{M,d-M,dj^M),!F} is of determinant class. Then the 
following statements hold: 

(i) The functions logT(M, d-M, g, h, J^){t), \ogTsm{M, d-M, g, h, T){t) and 
log T/a(M, d-M, g, h, J-){t) admit asymptotic expansions for t ^ oo of the form 

d+1 

ao + ^ ttjt^ + b\ogt + o(l). 

(a) The asymptotic expansion of\ogT{M,d-M,g,h,!F){t) is of the form 
logT(M, d-M, g, h, - log T^et(M, d-M, r, g, T) 

+ iiogn){j2i-ir^p,) + {j:i-ir^'^Pq)^ogt 

q=0 q=0 

d d+1 d 

q=0 j=l q=0 

where Pqj can be written as a sum, pqj = Pq j + Pqj with Pq j being a local term 
on M and Pqj being a local term on dM. 

(Hi) The asymptotic expansion of logT^rniM, d-M, g, h, J^){t) is of the form 

1 

logT^ombiM, d-M, r,T) + - - pq){2t - logt + logTT) + o(l). 

q=0 
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Theorem B. Assume that the pairs {{Mj,d-Mj,d+Mj),J^j} [j = 1,2) are of 
determinant class andrj = {hj,gj) are generalized triangulations so that there exist 
neighborhoods lAj of dMj U Cr{hj) in Mj and a diffeomorphism : Ui ^ U2 with 
'^{d±Mi) = d±M2, ^{Crq{hi)) = Crq{h2) for < q < d, as well as **£?2 = gi 
and /i2 o ^' = /ii onUi. 
Then the free term 



FT{logTia{M^,d_M^,gi,hi,J^^){t)-logTia{M2,d_M2,g2,h2,J'2m) 
of the asymptotic expansion of 

logTiaiMi, d-M^gi, hi,Ti){t) - logTia{M2, d-M2,g2, h2, T2){t) 
for t — > 00 zs given by 

/ ao{hi, e = 0, xi) - ao(/i2, e = 0, ^2) 

JMi\Cr(hi) JM2\Cr{h2) 

where ao(/ii,e, xi) and ao(/i2, e, 2:2) o.re densities (forms of degree d) and are given 
by explicit local formulas; the difference of the two integrals has to be taken in the 
same way as in [BFK, section 0, Remarks after Theorem S]. 

Introduce 

A(Mi,M2,Ti,T2,J^l,J^2) 

/ ao(/ii; e = 0,a;i) - / ao(/i2; e = 0, a;2). 

JMi\Cr{hi) JM2\Cr{h2) 

Corollary C. Assume in addition to the hypotheses in Theorem B that there exists 
a system (M3, 9_M3, dj^M^,^ J-'s) with the following properties (j = 1, 2); 

(i) d±Ms = d±Mj and Tz \d±Mi= fa±M,-; 

(ii) the pair {Nj,J^j} is of determinant class where Nj denotes the closed manifold 
obtained by gluing Mj to M3 and Tj is given by Tj on Mj and by Tz on M3. 
Then 

yl(Mi,M2,Ti,T2,J^l,J^2) = 

Proof. Let a be the minimum of hi (which is also the minimum of /i2) and let b be 
its maximum. Choose a smooth function hs : M3 — > IR with h3{Ms) C [a — 1, 6+ 1] 
as well as hs \d_Ms= ci, ^3 ta+M3= b (cf. Figure 1), and a metric gs on M3 so that, 
for i = 1, 2, hi together with hs defines a Morse function hi on A^^ and gi together 
with gs defines a metric gi on Ni. Further choose gs (if necessary, modify gs in an 
arbitrary small neighborhood of dMs) so that {hi, gi) is a generalized triangulation 
for Ni. Since {Ni, J^i}, {i = 1,2) are, by assumption, of determinant class, one 
concludes from Theorem A 

FT(logT(iVi,^i,/ii,/i)W-logT(iV2,^2,/i2,^2)(t)) 

= \0gTan{Ni,gi, hl,Tl) - \0gTan{N2,g2, ^^2, ^2) 
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and 

FT ( log TsmiNi,gi,hi,:Fi) (t) - log T,^ {N2 ^92^.^2) (t) ) 

= log TcombiNi ,gi,Ti)- log Tcomh {N2 , T2 , ^2 ) • 

As Ni and N2 are both closed manifolds of determinant class we conclude from 
[BFKM] that 

log Tan {Nj , Qj ,Tj)= log T^omh {Nj , fj , ) 

+ log Tmet {Nj ,fj,gj, Pj ) . 

Combining the above equalities with the identity 

FT{\ogT{Njr9j,k^^j)it)) = FT{\ogT,rn{Njr9j,k,:Fj){t)) 

+ FT{\ogTia{Nj,gj,hj,:Fj){t)) 

one obtains, with A defined as above, 

A{Ni,N2,fi,f2,fi,:F2) =0. 
In view of the fact that A is local, one concludes that 

A(Mi,M2,Ti,T2,J^l,J^2) = 0. 

□ 

Consider the pair {(M, 5_M, J^} and assume that it is of determinant 

class. Define 7^(M, d^M, g, r, by 

log7e(M, a_M, g, T, T) := log Ta,(M, a_M, g, T) - logT^elM, d-M, r, g, T). 

Our aim is to show that the ratio 7^ depends only on the data on the boundary at 
least in the case when the system (M, 9_M, d^M, T) is of determinant class. 

First observe that the result concerning the metric anomaly of the analytic tor- 
sion [BFKM, Lemma 6.11] extends to manifolds with boundary: 

Proposition 2.8. Assume that the pair {{M,d^M,d^M),J^} is of determinant 
class and that g{s),a < s < b, is a smooth 1-parameter family of Riemannian 
metrics on M so that g{s) is independent of s in a collar neighborhood of dM . 
Then 

^\ogTan{M,d_M,g{s),J^) = ^\ogTmet{M,d_M,g{s),T,J^). 

Proof. Arguing as in [RS] one has 

^JogTan{M,d_M,g{s),T) 

d 



\ogTmet{M, d-M,g{s),T,J^) + ^(-1)^5 
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where Pq — J Pq{x,s) and Pq{x,s) is a density (i.e. a d-form) on M, which can 

M 

be calculated in terms of the symbol of Aq(s) acting on A^(M;£). Due to our 
assumption that g{s) does not depend on s near the boundary, Pq{x, s) vanishes for 

X near the boundary. If d = dim M is odd one can then use a parity argument to 

d 

conclude that Pq{x, s) = for < q < d. If d = diniM is even, {^^YlPq — 0- 

Indeed take the double of M and use that logT^n and logT^et ai^e for closed 
manifolds of even dimension. 

Corollary 2.9. Suppose that the pair {{M, d^M, d+M), J-'}) is of determinant 
class and that r = {h, g') is a generalized triangulation. If gi and g2 are two 
Riemannian metrics on M which agree on dM , then 

Theorem 2.10. Assume that, for j = 1,2, Mj = {Mj,d-Mj,d+Mj) is a bordism 
equipped with a Riemannian metric gj, a generalized triangulation tj and a parallel 
flat bundle Tj = {£j,V j) of A-Hilbert modules of finite type on Mj. Further assume 
that the systems {Mj, d-Mj, d+Mj, Tj) are of determinant class and 

{d±Mi,gi ta±Mi,-^l l"9±Mi) = {d±M2,g2 \d±M2i^2 \d±M2)- 

Then 

n{Mi,d-Mi,gi,Ti,Ti)=n{M2,d-M2,g2,T2,T2). 

Proof. The proof proceeds in several steps. 

(I) In the case where the hypotheses of Corollary C are satisfied the claim follows 
from Theorem A. 

(II) Next assume that only the hypotheses of Theorem B are satisfied. Consider 
S'^ equipped with a generalized triangulation T52 = {ho,go) and denote by Tj = 
ihjid'j) a product triangulation on Mj x S'^. We claim that, for j = 1,2, {Mj x 
S'^^gj X Tji ^j)i where Tj is the puUback of Tj by the projection Mj x 5'^ — > Mj, 
satisfies the assumptions of Corollary C. Indeed denote by the unit disc in 
M and choose for M3 the disjoint union of d-Mx X D3 ^i^h a+Mi x 1)3. Then 
9±M3 = d±M\ X S'^ . Let Tz be the pull back of T\ \dMx by the projection dM\ x 

— > dM\. Since the pairs {d±Mi,Ti \d±Mi} are of determinant class, the system 
(M3, 9_M3, d+M^, Ts) is of determinant class and therefore, by Proposition 2.3, the 
pairs {Ni,Ti} (as defined in Corollary C) are of determinant class. One concludes 
then by (I) that 

n{Mi X S^,d-Mi X S^,gi X go,Tx,Ti) = 7^(M2 x S^d^M2 x S^g2 x ^70,12,^). 

By applying Proposition 2.5 (3) and Proposition 2.3 (formulas (2.10)- (2.10')), one 
obtains 



T) / i\/r a T\/r 



T> / T\/r T\/r 
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(III) Applying Corollary 2.9 it suffices to prove the statement in the case where 
gj and Tj = {hj,gj) {j = 1,2) have the additional property that gj = g'y 

(IV) (A) It suffices to prove the result under the additional hypothesis that 

x(Mi, d-Mi) = x(M2, d-M2). Indeed, if dimMi is odd, 
x(Mi, a_Mi) = x(M2, 9_M2). If dimMi is even, then 

x(Mi, d-Mi) = x(M2, d-M2) + 2k. 

If, in addition, k > we replace, without loss of generality. Mi by the disjoint 
union of M2 with k copies of (S'^,JF), where JF is the trivial parallel flat bundle 
with the same fiber as J-'i. (Observe that 7^ = for {S'^,J-'). ) In the case when 
A; < interchange the role of Mi and M2. 

(B) Under the additional hypotheses x(-^i,^— ^1) = x(-^2,5-M2) the result 
can be proved as follows: By the invariancc of the Reidemeister torsion under a 
subdivision of a generalized triangulation (cf. Lemma 6.12 in [BFKM] for the case 
of a closed manifold) it suffices to prove that there exist subdivisions fj of tj so 
that the assumptions of Theorem B are satisfied. But such subdivisions exist if 
x(Mi, a_Mi) = x(M2, a_M2) (cf. [BFKM]). □ 
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3. Applications to torsions. 

3.1 Comparison of analytic and Reidemeister torsion. 

In this subsection we provide a formula for the ratio of analytic and Reidemeister 
torsion of a compact Riemannian manifold with boundary as introduced at the end 
of section 2. 

We begin by some auxiliary considerations. Assume that (M, g) is a closed 
Riemannian manifold, r = (h, g') a generalized triangulation, and T = , V) 
a parallel flat bundle on M. Consider the cylinder Mj — M x I where / is a 
compact interval [a, b] in R with a,h E 4Z. Denote by go the standard metric on 
[a, h] and by Ti = {hi, go), {i = 1,2), the generalized triangulations of the bordisms 
([a, 6], {a}, {b}) resp. ([a, 6], 0, {a, b}) with hi{x) — x resp. /i2 = ^{x — {b + a)/2)^. 
( To satisfy condition (Tl) in the definition of a generalized triangulation, one can 
perturb /i2 slightly so that it is linear near the boundary of the interval.) Notice that 
the generalized triangulation ri has no cells. Denote by T the trivial 1-dimensional 
complex vector bundle with trivial connection. T is a parallel flat bundle over [a, b] . 
An easy calculation gives 



(3.1) logTeom6(/,{a},Ti,r) = 0, log T«^(/, {a}, ^o, T) = ^log2, 

^ogTmetil, {a},ri,go,T) = 0, 



(3.1') logT,„^f,(/,0,r2,T) = 0, logTan(/, 0, i7o, T) = ^(log2 + log(6 - a)), 
logT^et(/,0,T2,^o,T) = ^log(6-a). 

Assume that the pair {M, J-'} is of determinant class. Then, by Proposition 2.3, 
the systems {Mj, (lS,M x dl, Ti) and (M/, M x {a}, M x {6}, JF/) are of determinant 
class (where is the pull back of JF by the projection M x I ^ M) and 



(3.2) \ogTcomb{Mi,M X {a},T®Ti,Ti) = 0, 

\ogTan{Mi,M x{a},g®go,J'i)=x{M;J')^^ 
\ogTmet{Mi,M X {a},g®go,T®T2,J^i) = 0, 



(3.2') logTcom6(M7,0,TeT2,J^/) =logTcom6(M,T,JF), 

y(M- T) 

logTaniMi, 0,g(Bgo, Ti) = ^ ^ (log 2 + log(6 - a)) + log T„„(M, g, T), 

\ogTmet{Mi,lD, g®go,T® T2, J^i) = ^ ' \og{b - a) + logT^et(M, g, r, JF) 
/ 1 1 ] ^,iT (^^^ i i ^,it r„l^ ^^ 
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Since M is closed and the pair {M, JF}, is of determinant class one obtains, by 
[BFKM], 

logTa„(M,^, JF) = \ogTRe{M,g,T,T). 
Combining with the formulas (3.2)-(3.2'), one obtains 

y(M- T) loe2 

(3.3) log7^(Mz, M X {a}, g®go,T® n, J^/) = \' ^ . 



(3.3') log7l(M,,0,^®^o,r©T2,^7) = ^(^'•^)^"g^ . 



Theorem 3.1. Assume that the system (M, 9_M, d+M, is of determinant class. 
Then 

(3.4) log 7^(M, d_M, g, r, T) = ^xidM; J^) log 2. 

Remark. In the case where ^ = M, the result, as it stands, is due independently to 
Liick ([Liil]) and Vishik [Vi] (cf. also [Ch]). However, even in the case ^ = IR, the 
proof presented here is new, elementary and short. 

Proof. The proof proceeds in two steps. 

(A) We first consider the case where M = (M, 0, dM). Take a disjoint union MU 
M of two copies of M and consider the bordism (M U M, 0, (dM) U (dM)) . Further 
introduce {dM)i :— 9M x / and consider the bordism ((9M)j, 0, 9((9M)/)) . Notice 
that d{{dM)i) = {dM x {0}) U {dM x {!}) = {dM) U {dM). Since by hypothesis 
{dM,J^ Tsm) is of determinant class so is {dM x /, 0, {T \dM)i) (cf Proposition 
2.5(3)). Therefore, by Theorem 2.10, 



log n{dM X /, 0, gi, Tj, {T \dM)i) = log n{M UM,^,gUg,TUT,TUT) 

where (JF \qm)i is defined as above, gi := g \dM ®9o and t/ is a product 
triangulation. Notice that 



log n{M U M, 0, U t/, T U T, U JP) = 2 log TZ{M, 0, g, r, J^), 
and, by (3.3'), 



log7e(aMx/,0,^/,T/,J^/ \dM)= ^^^^''^^ log 2. 
Combining the three equalities above, we obtain 

Ine- V.l M. 0. n. r. T\ = , ^ 
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and statement (3.4) is proved in the case where 5_M = 0. 

(B) In view of Proposition 2.3 it suffices to check (3.4) for the system (M x 
S^, d-M X S^, d+M X S^, T) which is, by Proposition 2.5 (3), of determinant class 
because (M, 9_M, 9_|_M, JF) is. Here T denotes the puUback of T by the projection 
M X 5'^ — s> M. In view of Theorem 2.10 it suffices to prove the statement (3.4) 
for the two systems {d^M x D'^ , 0, d^M x S'^ , {J= ta+M)) and {d-M x D"^ , d-M x 
S'^, 0, (JF \d_MT) where (JT J" denotes the puUback of \q^m by the projections 
d±M X ^ d±M. For the ffist system it suffices to apply (A) and for the second 
system, (3.4) follows from Proposition 2.2 (Poincare duality) and (A). □ 

3.2. Glueing formulas (Part I). 

In this subsection we present a gluing formula for the analytic and Reidemeis- 
ter torsions. Let {Mj,d-Mj,d^Mj), be two bordisms equipped with Riemann- 
ian metrics gj, generalized triangulations Tj = [hj^g'^) and parallel flat bundles 
Tj = {Ej^Vj). Suppose that there exists an isometry 



and a connection preserving bundle isomorphism $ above uj which makes the fol- 
lowing diagram commutative 



Then one can form a bordism (M := Mi U^^ M2, 9_Mi, 9_|_M2) by gluing dj^Mi to 
d-M2 by u and a parallel flat bundle T by gluing and by (1^, $). The metrics 
gi^g'i and (72,(72 determine Riemannian metrics g, g' on M, and the functions hi 
and /i2 determine the C°° -function /i : M — > R given by 



where, for j=l,2, hj{Mj) = [aj, bj]. 

Notice that if r = {h, g') is not a generalized triangulation (i.e. violates (T4)) 
one can modify, by an arbitrary small perturbation and localized in a given neigh- 
borhood of 9_|_Mi, the metric g'l to g'l so that the triangulation ti := {hi, g'^) is 
compatible with T2 and ti and ri provide the same relative CW-complex struc- 
ture. Therefore, without loss of generality, we may assume that r = (/i, g') is a 
generalized triangulation of (M, d-Mi, 5+M2). 

Choose orientations Oh for M. They induce orientations C/j. for Mj. Now con- 
sider the short exact sequence of cochain complexes 



(3.5) 



CO : {d^Mi, gi \d_Mi ,92 fa+Ma) 



(3.6) 




(3.7) 




{x e Ml) 
{x e M2) 



^ C* (M2, a_M2, T2, Oh,;J'2) ^ C%M, d-Mi, r, On: J") 



r'*f'\f a i\/r _ /n . tt \ .n 
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where is the map which extends the cochains, defined on the cells of M2, to 
cochains defined on all cells of M by assigning the value zero on the cells of Mi 
and where is the map which restricts the cochains, defined on the cells of M, to 
the cells of Mi. The sequence (3.8) induces a long weakly exact sequence Ti-combij) 
in cohomology of A- Hilbert modules (cf (1.52)) 



> H\M2, d-M2, T2; T2) H^iM, a_Mi, r; JT) ^ iy«(Mi, a_Mi, n; Ti) 

(3.9) H'i+\M2, a_M2, T2; .F2) ^ • • • 

A similar sequence (depending on the Riemannian metric (7), denoted by Hanig), 
can be obtained using de Rham cohomology H'^{M, 5_M, g; instead of the com- 
binatorial one, 

. H\M2, a_M2, gi\ T2) ^ i?'^(M, a_M, g- T) ^ if^(Mi, a_Mi, ^1; .^1) ^ 

(3.10) H'i+\M2, d-M2, g2] T2) ^ ■ ■ ■ 

As we have seen in section 2, the integration theory provides isomorphisms 

of ^-Hilbert modules from dc Rham cohomology to the combinatorial cohomology. 

Moreover the [Qj) define an isomorphism of cochain complexes from 'Hcomhij^ to 

'Wan(fi'). 

Theorem 3.2. Assume that, for i=l,2, the system {Mi, d^Mi, d+M^, J-'i) is of 
determinant class. Then the following statements hold: 

The system{M, d-M, d+M, J^) and the complexes Ti-comhiTi-an 
{%) are of determinant class; 



{ii) logTRe{M,d-M,g,T,T) =J2^ogTRe{Mj,d-Mj,gj,Tj,Tj) 

+ logT{nan)- 

2 

(m) logT„„(M, d-M, g,J^)^Y, ^ogTaniMj, d-Mj,gj,Tj) + logT(7i„„) 

X{d+Mi;j^i ta+Mi) , _ 
^ log 2. 



Remark. In the case where ^ = M, the result (ii) is due to Milnor [Mi]. Work 
related to (i) can be found in [LL] . In the case where ^ = M, (iii) is due to Vishik 
[Vi] . Vishik's proof, however, is completely different than ours. 

Proof, (i) Proposition 2.5 implies that the system (M, d-M, d^M, J^) is of determi- 
nant class. Theorem 1.14 applied to the short exact sequence of cochain complexes 
(3.8) implies that Hcomb is of determinant class. In view of the fact that 9 de- 
fines an isomorphism of cochain complexes. Proposition 1.3 implies that Han is of 
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(ii) Concerning the torsion of the sequence (3.8), notice that 

log T(0 ^ C«(M2, a_M2,T2, Oh^ ; ^ C«(M, a_M, r, Oh', T) 

^ C^iM^, a_Mi, n, O;,,; ^) ^ 0) = 

since logV^oi(iQ) = and logVol{rq \ {Null{rq)-^) = 0. Theorem 1.14 implies that 

(3.11) log Teomb(M, a_M,T, J^) = 

2 

^ logTcom6(M,-, d-Mj,Tj, J^j) + logTiHcomb). 

3 = 1 

From Proposition 1.3 (C) and in view of the fact that 9 is an isomorphism of 
cochain complexes of ^— Hilbert modules one obtains 

2 

(3.12) \0gTmet{M,d-M,g,T,J^) =Y,^OgTmet{Mj,d-Mj,gj,Tj,J^j) 

+ logT(7^«,)-logT(7^ 

comb J • 

Combining (3.11) and (3.12) one obtains (ii). 

(iii) follows from (ii) and Theorem 3.1. □ 

3.3. Glueing formulas (Part II). 

In this subsection we extend Theorem 3.2 for partial glueing, i.e. to a situation 
where not necessarily all of the components of d+M^ and 5_M2 are glued together. 

Suppose that {Mi,d-Mi,d-^-Mi;J^i),i = 1,2 are two systems with d+Mi resp. 
d-M2 consisting of two disjoint components = Vq U Vi, resp. d-M2 ~ 

Wq U Wi . Assume that there exist a diffeomorphism ujq : Vq ^ Wq and a connection 
preserving isomorphism above a;o, : -^i \vo^ ^i \wq • Then Mi and M2 can be 
glued together to give rise to the bordism (M, d-M, d+M) with M := Mi Uo; M2 
and boundary components d-M = d-Mi U Wi and d+M = Vi U d+M2. Using 
$0, ^1 can be glued with JF2 to obtain a parallel fiat bundle JF on M. Suppose, 
in addition, that Riemannian metrics gi on Mi and g2 on M2 are given so that 
^^{92 \wo) = 91 \vo • The metrics gi and g2 define a Riemannian metric g on M. 
One then obtains the following (weakly exact) sequence H in de Rham cohomology 

>H'i{M2, c>_M2, 92-, T2) - ii\M, d-M, g; T) ^ 

(3.19) ^ ii\M^, d-Mi,g^; T^) ^ H1+\M2, d-M2, ^2; ^2) ^ • • • 

This sequence is the cohomology sequence induced by the exact sequence of cochain 
complexes (cf (2.7)) 

(3.20) 0^A*(M2,a_M2;J^2) ^ A*(M,a_M;J^) ^A*(Mi,a_Mi;J^i) ^0. 

(To be completely correct, A^(M2, 9_M2; JF2) should be the smaller space of smooth 
g— forms which are the restriction to M2 of g— forms which are defined on all of M, 
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Theorem 3.2'. If the systems {Mi,d-Mi,d+Mi,J^i) (i=l,2) are of determinant 
class then so are the system {M,d-M,d+M,T) and the cohomology sequence H, 
given by (3.19). Moreover 

2 

logTaniM, d-M, g,J^) = J2 logT«n(M,-, d-Mj,gj,Tj) + logT(?^) 

Proof. We will derive the stated results from Theorem 3.2. For that purpose intro- 
duce, for e > 0, the systems (A^i,e, S-ATj g, d+N^^^, Si,e)i * = 1; 2, defined by 

iVi,e := Wi X [-e,0], c>_iVi,, := Wi x {-e}, c>+iVi,, := Wi x {0}; 

A^2,e := V^i X [0,e], d-N2,e := x {0}, d+N2,e := V2 x {e}; 

and let gi^f, be the metrics on A^i ^ defined by gi^^ := g2 \wi ®go ^ind ^2,e '•= 91 \vi 
(Bgo (where go is the standard Euclidean metric) (see Figure 2). 
Denote by {Mi^^, d-Mi^^, d^Mi^^, ^i,e) the disjoint union of the systems 
(M„a_M„a+M„^z) and (A^,,',, a_iV,,„ a+iV,,„ 6;,,,) and let : d+Mi^, := Vq U 
Vi U Wi — > d-M2^e '■— Wq U Vi U Wi be the diffeomorphism which is equal to uq on 
Vo and to the identity on Vi U Wi. Moreover ujq and $o induce an isomorphism of 
parallel flat bundles 

$e : ^l,e l'a+Mi,e^ ^2,e \d-M2,e ■ 

Following the glueing instructions described in subsection 3.2, one forms the system 
(Me, d-Me, d+Me, Tf) and defines the Riemannian metric g^ given by gi on Mj and 

5fi,e on iVi,e. 

There exists a commutative diagram connecting the cohomology sequence H, de- 
fined in (3.19), with the sequence (3.10) for the bordism (Mg, 9_Me, 9+Mg), which 
we denote by Tie, 

^ H'2(M2,a_M2,92;^2) ^ Hi{M,d^M,g-T) ^ Hi{Mi,d-Mi,gi;J^i) 

I («2,£)q i {ie)q i {il,e)q 

In this diagram, the horizontal lines represent the cohomology sequence (3.19) 
and (3.10) respectively and the vertical arrows are isomorphisms of Hilbert modules 
of finite type. The isomorphisms (ii,e)q, (ie)q and {i2,e)q can be described as the 
composition 

:= (i;,e). • («JJ-\ {i2,e\ (4,e). " ((^e).)"', 



(^e). = {i'x ■ m,)-' 

where {i'^ and (z^' g)q are induced by the inclusions (k=l,2) 

: (Mfc,a_Mfc) ^ (Mfc,e,a_Mfc,e U ATfc^e) and 

. I'A/T a l\/r ^ ./7\/f i3 7\/f II AT ^ 
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and where {i'Jq and {i'^)q are induced by the inclusions 

i'^ -.{Md-M) (M„ d-M, U A^i,e) and 
i'^ : (M„ d-M,) (M„ d-M, U A^i,^). 

Since the harmonic forms, which represent the cohomology classes in 
H*{Mk,d-Mk,gk]^k) and H*{Mk,e,d-Mk,e, gk,e; ^k,e) are in fact the same, the 
homomorphisms {ik,e)q are isometries for any e (k=l,2). Notice that one can provide 
a smooth family of diffeomorphisms : M — > M^, with (po = id so that (pf{ge) = 
is a smooth family of Riemannian metrics on M with go = g. This implies that 

limlogTaniM„d-M„g„T,) = \ogTan{M,d-M,g,T). 

e— >0 

Using (/Pg, one can also show that 

\ha\ogV ol{{ie)q) = 0. 

e— >0 

In view of Proposition 1.3 A(iii) H is of determinant class iff He is of determinant 
class (for one and then for any e > 0) and if so 

logT(7^) = logTiHe) + J](-l)^logFoZ(ze),. 

Q 

Note that if the systems {Mi,d-Mi,dj^Mi,J^i),i — 1,2, are of determinant class, 
then the systems {Mi^^, d-Mi^^, d+Mi^^, ^i,e),i = 1,2, are of determinant class as 
well. Prom (3.2) one obtains 

\0gTan{Mi,e,d-Mi,e,gi,e,J^i,e)=l0gTan{Mi,d-Mi,gi,J^i) + Xi ■ ^ 

with xi = xiWi;J^2 \wi) and X2 = x(^i;^i \vj- Then by Theorem 3.2 

log T„„(M„ a_Me, ^e,^e) = ^OgTan{Mu d-Mi, g^, + 

i=l,2 

+ logT(?^e)-x(^0,^l k)-^ 

The result follows by passing to the limit e ^ 0. □ 

3.4. Comparison of the analytic torsion for different boundary condi- 
tions. 

Suppose (M, g) is a Riemannian manifold whose boundary dM is a disjoint 
union of three components diM, 82 M, and 83 M and ^ is a parallel flat bundle of 
^— Hilbert modules on M. In this subsection we will compare the analytic torsions 
of (M, diM, g, r) and (M, diM U d^M, g, JT). 

Introduce ^3 := g Io^m and := T tagM and denote by H! the cohomology 
sequence 



>H^M, 81M U 83M, g- T) H^M, 81M, g; T) 

(3.21) H'^id^M, gs; T3) ^ H-^^^ (M, diM U d^M, g;T)^--- 

which is induced by the short exact sequence 

^ A*{M,diMUd3M;T) A*{M,diM;T) A*{d3M;J^3) 0. 
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Theorem 3.3. The system (M, diM, U d^M, is of determinant class iff 
the system (M, diM U d^M, d2M, is of determinant class and if so 

logTan{M,diM, g, T) = log T„„(M, diM U d^M, g, T) + logT(H') + 

(3.22) logT„n(a3M,^3,^3). 

Remark. For ^ = C, the result, as it stands, is implicit in Vishik [ViS]. Again 
his proof is very different from ours. 

Proof. The first statement follows from Proposition 2.5 (4). To prove (3.22), we 
apply Theorem 3.2' (partial gluing theorem) to the systems 

(Ml, a_Mi, a+Mi, Ti) := (M, diM, U d^M, T) 

and, for e > 0, 

(M2, a_M2, a+M2, T2) := {d^M x [0, e^d^M x {0, e}, 0, .^[o,e]) 

where .F[o,e] is the pull back of T \dzM by the projection do,M x [0, e] — > d^M. We 
regard M\ equipped with the metric g and Mi with the metric gj, © g^ (go the 
Euclidean metric). Further, using the same notation as in subsection 3.3, 

Vo = Wo := dsM, Vi := diM and Wi := dsM. 
In view of Proposition 2.3 and (3.1') we have 

logTan{M2, d-M2, ^2, ^^2) = - logT„,(a3M, ^3, J^s) 

(3.23) +^x(53M;.F3)-(log2 + loge). 

Denote the system obtained by partial gluing by {N^, d-N^, d^N^, J^,^) and the 
resulting metric by ge- Then, by Theorem 3.2' and (3.23), 

(3.24) logTan{N„d_N„g„T,) = logTan{M,d^M,g,T) + logT{{n{e)) 
- \ogTan{d3M,g3, Tz) + ^x(93M, JTg) . loge, 

where ?i(e) is the cohomology sequence (3.19) for the partial gluing of 
(Ml, a_Mi, a+Mi, Ti) and (M2, 9_M2, a+M2, T2). Notice that there exists a com- 
mutative diagram connecting the cohomology sequence H,' (cf (3.21)) and the co- 
homology sequence 7i(e) 



/f«-i(a3M,53;^3) 
HI (M2 , a_ M2 , 33 ® SO ; :^[o,e] ) 



Hi{M, diML\d3M,g;J^) 
I (re), 
m{N^,d-N^,ge;J'e) 



Hi{M,diM,g;J^) 
I Id 

Hi{M,diM,g;J^) 
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In this commutative diagram the vertical arrows are isomorphisms of ^— Hilbert 
modules. The maps {re)q are induced by a family of smooth retractions 
Te : (iVe, d-N^) — > (M, diM U dsM) with re=o — id which depends smoothly on e 
and has the property that the restriction of to M\U^ is the identity where is a 
collar neighborhood of d^M of size e. The maps ((r2,e)g), {q > 1), are isomorphisms 

and induced by the maps, assigning to u E A'^~^{dsM; J^s) the wedge product 
dt Auj. 

One can easily see that 

(3.25) lim log VoZ(re)g = 

and 

(3.26) \ogVol{{r2,e)<i) ^\\oge ■ dim mE'^-^B^M, g^,- T^,). 
From Proposition 1.3 A(iii), using (3.26), we conclude that 

(3.27) -logT(7^(e)) = logT(7^') + ^-x{d^M-J^^)\oge + Y.^-l)nogVol{r,\. 

Notice that one can provide a smooth family of diffeomorphisms tp^ : M, (p^ = 

id so that Lpf{ge) = is a smooth family of Riemannian metrics with go — g. This 
implies that 

lim log Tan{N„ d_N„g,, T,) = log T«„(M, d^M U d^M, g, T) 

e— +0 

The result then follows from (3.24), (3.25) and (3.27) by passing to the limit e ^ 0. 

□ 
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Appendix: On manifolds of determinant class. 

To state our result let us introduce the following notation. Let M be a compact, 
connected manifold (possibly with boundary) with fundamental group ni{M). Let 
r be a group and $ an arbitrary group homomorphism, $ : 7ri(M) —>■ T. Denote 
by Wo the (A^(r), 7ri(M)°^')-Hilbert module £2(r) with the 7ri(M)°P-action in- 
duced by 9 and the right translation of F. Denote by jFg the parallel flat bundle 
of A/'(F) — Hilbert modules of finite type, induced by Wq. Notice that this is the 
parallel flat bundle induced by the principal covering M — > M, defined by 9. 

Theorem A. If F is residually finite then for any bordism {M, d-M, d^M), the 
pair {(M, 9_M, 9+M), jFg} is of determinant class. As a consequence, the system 
(M, d-M, d+M, Tb) is of determinant class. 

Although Liick does not use the notion of determinant class. Theorem A is im- 
plicit in his paper [Lii3] . Unfortunately, there are a number of misleading misprints 
and his definition of the L^-determinant [Lii3, Definition, p. 471] is incorrect. For 
the convenience of the reader we present an outline of Luck's arguments to prove 
Theorem A. 

We recall that a group F is residually finite if there exists a sequence {Fm)m>i 
of nested normal subgroups of F, Fq = F 3 Fi ^ F2 ^ . . . , such that 
(i) n F^ = {e}; (ii) 7„ := #(F : F^) < 00 (m > 1). 

m>l 

Further recall that (C*(M, r. Oh, J^e),^*) is of determinant class if, ioi ^ < q < d, 

-00 < / \og\dNq{\), 

where Nq{X) = Nq°'^^{X) denotes the L2-combinatorial spectral distribution func- 
tion of the combinatorial q-Laplacian Ag = A^°'"''. 

Let Mm be the principal (F/F^)- finite cover of M induced by the composition 
of 9 with the projection F T /Tm and denote by ^rn;q = ^m^^ combinato- 
rial qi-Laplacians on M^. Further let Pm-.qW = Pm-^^i^) be the spectral family 
associated to Am-q, defined in such a way that it is right continuous, and introduce 
the corresponding normalized spectral distribution function 

Nm;qW = —trPm;q{X). 
7m 

Wc point out Nm;q{X) are step functions. Denote by det'Am-q the modified 
determinant of g, i.e. the product of all non zero eigenvalues of A^.g. Let a^.g 
be the smallest non zero eigenvalue and bm-q the largest eigenvalue of A^^.g. Then, 
for any a and b, such that < a < ttm-q and b > bm-q, 

(A.l) —\ogdet'Am-q^ [ logXdNm;q{X). 
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(^.2) f\ogXdNm.,,iX) =i\ogb){Nm;,{b) - iV^;g(0)) 

J a 

-I 

J a 



Recall that the spectral distribution function Nq{X) = iV^°^\A) is given by 

Nq{X) :^trj^^r)P,{X) 

with trj\j-(^r^Pq{X) denoting the von Neumann trace where Pq{X) is the spectral 
family corresponding to Aq defined in such a way that it is right continuous with 
respect to A. Notice that Nq{X) is continuous to the right in A. Denote by det' IS. q 
the modified determinant of Ag, given by the following Stieltjes integral, 

log det' Aq^ / logAdiVq(A) := lim / logAdiVg(A) 

with 1 < 6 < oo chosen in such a way that |||Aq||| < b (operator norm). 

Notice that log det'{Aq) e [— oo, oo) and recall that Aq is said to be of determi- 
nant class if Jq_,_ log A(iA^q(A) e (—00,00). 

Integrating by parts, one obtains 



(^.3) log det'{Aq) =\ogb{Nq{b) - iV,(0)) 

+ ^hm {(-log6)(iV,(e) - iV,(0)) - ^^^l^^dA}. 

Using that liminf(— loge)(A^g(e) — -/Vq(O)) > (in fact, this limit exists and is 
zero) and ^'i^^^^^'i^^^ > for A > 0, one sees that 

{AA) log det'{Aq) > {\ogb){Nq{b) - iV,(0)) - ^M^I^M^^a. 

Jo A 

Proof of Theorem A. 2. 

The main ingredient is Liick's estimate of log det'{Aq) in terms of log defA^^q 
combined with the fact that log det' A^^q > as the determinant det' A^^ q is integer 
valued. By [Lii, Lemma 2.5], there exists 1 < 6 < 00 such that, for m > 1, 

|||A^,g||| < 6; \\\Aq\\\<b. 

By [Lii, Lemma 3.3.1], 
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Combining (A.l) and (A. 2) with the inequahties log det'A^.q > 0, it follows 
that 

(^.6) N^;,W-Nrr,.,,{0) ^^ ^ (log6)(iV^;,(6) - iV^;,(0)). 

From (A. 4) - (A. 6) we then conclude that 

{A.7) log det'Aq >{\ogb){N,{b) - N,{0)) 

- liminf(log6)(iV^;,(6) - iV^;g(0)). 

m— >oo 

The estimate (A.7) together with the identities ([Lii3, Theorem 2.3.1]) 
A^„(A) = lim liminfiV^.q(A + e) ([Lii3, Theorem 2.3.1]) 

£^0+ ■m—^oo ' 

and 

Ng(0) = lim Nm-q(0) ([Lii3, Theorem 2.3.2]) 

m— »oo ' 

yield that log det'Aq > which proves that Aq is of determinant class. Since q is 
arbitrary this shows that the pair {(M, dM-,dM+), J^e} is of determinant class. 

□ 
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